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Abstract
An extended SU(3) shell model that for the first time explicitly includes particles
from the unique-parity levels in nuclei is introduced. Its relevance is established
through calculations performed with realistic interactions for a group of upper fpshell isotopes where valence nucleons beyond the N=28=Z core occupy levels of the
normal-parity upper f p-shell (f5/2 , p3/2 , p1/2 ) and the unique-parity g9/2 intruder
configuration. Specifically, the outcome suggests that the pseudo-SU(3) symmetry
is quite good throughout the region and that only part of the configurations are
relevant for the structure of the low-lying states. The levels of the upper f p-shell
are handled within the framework of an m-scheme basis as well as its pseudo-SU(3)
counterpart, and respectively, the g9/2 as a single level and as a member for the
complete gds shell.
More detailed analyses of the extended SU(3) model are done for two nuclei
of special interest in astrophysics, namely the waiting-point nuclei 64 Ge and 68 Se.
The strengths and limitations of the theory are demonstrated by its ability to describe various nuclear characteristics. Specifically, energy spectra, B(E2) transition
strengths and wave-function content are compared with the realistic results. In addition, the dominance of configurations with different distribution of particles and the
role that several newly-introduced terms play in the Hamiltonian are investigated.
The extended SU(3) approach allows one to better probe the effects of deformation
and account for these key properties of the system within a highly-truncated model
space.
The model also promises to be useful for nuclei from the rare-earth and actinide
regions. Specifically, by ensuring a robust number of collective degrees of freedom
and Hamiltonians with a larger number of degrees of freedom, it should allow one
to give a satisfactory explanation of the experimentally-observed existence of an
abundance of low-lying 0+ states and very strongly enhanced B(E2) strengths found
in these nuclei. This version of the theory will extend previous results from the
pseudo-SU(3) model where the role of nucleons in the intruder levels was relegated
to a very simple renormalization of the dynamics defined by nucleons in the normalparity spaces only.

xi

Chapter 1
Introduction
The nuclear shell model [1] has been applied successfully for the description of
various aspects of nuclear structure, in large part because it is based on a minimum
number of assumptions. Although direct diagonalization of the Hamiltonian matrix
in the full Hilbert space would be desirable, the dimensionality of such a space is
often too large to allow calculations of this type to be done. Recently, in order to
relax this restriction dramatically, various stochastic approaches, for instance, the
Shell-Model Monte Carlo Method [2], have been suggested. Alternatively, algebraic
models using the symmetry properties of the systems under investigation have been
developed (e.g.[3, 4]).
Intruder levels are present in heavy deformed nuclei where the strong spin-orbit
interaction destroys the underlying harmonic oscillator symmetry of the nuclear
mean-field potential. The role they play for the overall dynamics of the system has
been the topic of many questions and debates [5, 6, 7, 8]. Until now, the problem has
been either approached within the framework of a truncation-free toy model [5] or
by just considering the role of the single intruder level detached from its like-parity
partners [6, 8]. It was argued in [5] that particles in these levels contribute in a
complementary way to building the collectivity in nuclei. However, some mean-field
theories suggest that these particles play the dominant role in inducing deformation
[7]. In order to build a complete shell-model theory, these levels need to be included
in the model space especially if experimentally observed high-spin or opposite-parity
states are to be described.
Until recently, SU(3) shell-model calculations - real SU(3) [3] for light nuclei
and pseudo-SU(3) [4] for heavy nuclei - have been performed in either only one space
(protons and neutrons filling the same shell, e.g. the ds shell) or two spaces (protons
and neutrons filling different shells, e.g. for rare-earth and actinide nuclei). Various
results for low-energy features, like energy spectra and electromagnetic transition
strengths, have been published over the years [9, 10, 11]. These applications confirm
that the SU(3) model works well for light nuclei and the pseudo-SU(3) scheme, under
an appropriate set of assumptions, for rare-earth and actinide species. Up to now,
SU(3)-based methodologies have not been applied to nuclei with mass numbers A =
56 to A = 100, which is an intermediate region where conventional wisdom suggests
the break down of the assumptions that underpin their use in the other domains.
1

In particular, the g9/2 intruder level that penetrates down from the shell above
due to the strong spin-orbit splitting appears to be as spectroscopically relevant
to the overall dynamics as the normal-parity f5/2 , p3/2 , p1/2 levels. Specifically, in
this region the effect of the intruder level cannot be ignored or mimicked through a
“renormalization” of the normal-parity dynamics which is how it has been handled
to date.
The upper-f p + g9/2 shell is the lightest region of nuclei where the intruder
level must be taken into account. Its presence poses a significant challenge and
opens a sequence of questions, many of them still unanswered. For example, if
the pseudo-SU(3) symmetry proves to be a good scheme for characterizing upperf p shell configurations, should one integrate the g9/2 intruder into this picture by
treating it as a single j-shell that is independent of couplings to the other members
(g7/2 , d5/2 , d3/2 , s1/2 ) of the gds shell, or should one take the complete gds shell into
account? While the treatment of the g9/2 intruder as a single additional orbit is possible for only a few exceptional nuclei within the m-scheme shell-model calculations,
an SU(3) approach to the problem could allow the inclusion of the g9/2 intruder as
a member of the full gds shell and can be applied to all upper-fp nuclei. It is the
purpose of this work to introduce and establish the benefits of a new and extended
SU(3) shell model which, for the first time, explicitly includes particles from the
complete unique-parity sector and therefore can be used to explore the role that
intruder levels play in the dynamics of the system.
In the next two chapters, the two well-known microscopic algebraic models
based on the SU (3) symmetry, namely, the Elliott’s SU(3) model for the description of ds-shell nuclei [3] and its pseudo realization in heavy nuclear systems [12],
are reviewed. The main features and advantages of both models are pointed out,
with the need for an extension of the latter seeming obvious and natural. Next, in
Chapter 4 the appropriate choice of model space for this extension is established in
the upper fp-shell region of nuclei by calculating, using a realistic Hamiltonian, the
occupancies of the single-particle orbitals and the symmetry properties of some typical representative isotopes. Then, a brief introduction of the basics of the extended
SU(3) model follows in Chapter 5 along with a description of the algorithms using
existing and newly developed computer codes. The following chapter of the dissertation, Chapter 6, presents results from the first calculations within the framework
of the introduced extended SU(3) shell model performed for two nuclei of major
importance in astrophysics, namely, the waiting-point N = Z nuclei 64 Ge and 68 Se
[13]. Both the strengths and the limitations of the model are demonstrated and discussed. Energy spectra, B(E2) transition strengths and the wave function content
are calculated and compared with the realistic predictions. Also, the meaning and
the importance of the model space truncation scheme is underscored. We conclude
with a discussion about various future applications of the model and the possible
challenges along the way of its introduction in other nuclear domains. Finally, a
summary of the primary goals, used methods and accomplished results as well as
the prospects for future investigations can be found in the Conclusion, Chapter 7.
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Chapter 2
Elliott’s SU(3) Model
As one of the most successful theories of the last century, quantum mechanics can
be used to explain a wide range of physical phenomena. However, there are only
a very limited number of problems that can be solved exactly. That set includes
certain one-dimensional potentials, the three-dimensional harmonic oscillator, and
hydrogen-like systems. The solvability question for such systems is inextricably
linked to the symmetries they possess.
Symmetry is a unifying concept that was introduced in physics during the
second part of the nineteenth century. At that time it was primarily used to describe
geometric arrangements of constituent parts of an extended object as it is with atoms
in molecules and crystals. If the system remains unchanged under the full set of
transformations that generate the symmetry then it is called an exact symmetry.
In this case the transformations give rise to a degenerate multiplet of states that span
a representation of a group. It is well-known that energy conservation is due to time
translational symmetry, linear momentum conservation is due to space translational
symmetry, and angular momentum conservation is related to rotational symmetry of
the system under consideration. Other examples of exact symmetry are the spherical
oscillator and the Coulomb potentials which possess SU(3) and SO(4) symmetry,
respectively.
Even in cases when the strong requirement for existence of an exact symmetry can not be met, the symmetry concept can still be useful. A second symmetry
type is a dynamical symmetry. In this case the system is not necessarily left
invariant under the symmetry operations, but the eigenstates can still be associated
with a single irreducible representation of a group. The lifting of the degeneracy
is then generated by the occurrence of generators (or function of generators) of a
group which does not alter the irreducible representation of the eigenstates in the
Hamiltonian (or Lagrangian) characterizing the system. In the early sixties dynamical symmetries were introduced in particle physics (flavor) and later in molecular
physics.
Since the atomic nucleus is a complex many-particle system which does not
yield to a statistical description, many group theoretical approaches have been developed over the years. For instance, the Interacting Boson Model [14] (with underlying symmetry U (6)) which considers the nucleus as consisting of bosonic proton
3

and neutron pairs coupled to spin zero and angular momentum zero or two. Another
example is the fermion algebraic models originating from the Elliott model [3, 15]
(with SU (3) as an underlying symmetry). Group theoretical methods allow for a
mathematically elegant treatment of complex physical systems that have specific
symmetry properties.

2.1

SU (3) Symmetry

In the nuclear shell model, where the three-dimensional isotropic harmonic oscillator
is used as an approximation for the nuclear mean field, SU (3), which is the symmetry group of the harmonic oscillator, emerges as an important symmetry. SU (3)
becomes a dynamical symmetry if a quadrupole-quadrupole interaction is added to
the mean field. It remains useful as an approximate symmetry even if small SU (3)
symmetry breaking single-particle or pairing terms are added to the nuclear Hamiltonian. This is due to the dominance of the quadrupole-quadrupole interaction in
the mid-shell region.
The Hamiltonian for a particle with mass m in a three dimensional isotropic
harmonic oscillator is
p2
1
H0 =
+ mω 2 r2
(2.1)
2m 2
In order to reveal its symmetry character
we rewrite it in terms
p mω of bosonpi creation
p mω
†
pi
(xi + i mω ) and bi =
(xi − i mω ) where
and annihilation operators bi =
2~
2~
†
bi and its hermitian conjugated operator bi , respectively, increases or reduces the
number of oscillator quanta in the i-th direction. With these two operators that
satisfy the commutation relations


bi , b†j = δij




(2.2)
bi , bj = b†i , b†j = 0,
the Hamiltonian for an harmonic oscillator can be written as

where

3
H0 = ~ω(b† .b + ).
2

(2.3)

Aij = b†i bj

(2.4)

are the generators of the group U (3) that shift an oscillator quantum from the i-th
to the j-th direction. The harmonic oscillator Hamiltonian thus clearly conserves
the SU (3) symmetry and basically counts the total number of quanta in the x, y
and z direction.
The commutation relations for the U (3) generators introduced in Eq. (2.4)
can
 easily
 be derived from the ones between the space and momentum coordinates
( xi , pj = i~δij ) and are:


Aij , Akl = δjk Ali − δil Akj
(2.5)
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The three Casimir operators that exist for U (3) can be expressed by the shift operators as:
X
N =
Aii
i

C2
C3

3X
=
Aij Aji
2 i,j
X
=
Aij Ajk Aki

(2.6)

i,j,k

where the factor 3/2 reflects a common convention. It is easy to show (using the
commutation relation given in Eq. (2.2)) that N , C2 and C3 commute with all
generators as necessary.
Furthermore, the generators of the U (3) Lie algebra given in Eq. (2.4) can be
modified to SU (3) generators by removing the trace. This amounts to subtracting
the boson number operator
1
(2.7)
A0ij = Aij − δij
3
which leaves the physics described in either the SU (3) or U (3) picture unchanged.
Since the total number of quanta is conserved, the SU (3) irreducible representations [16] (or simply irreps) only depend on the relative difference in the number of
quanta along the three axes and only two quantum numbers are necessary to classify
these. Usually, they are given by the so-called highest weight state characterized by
a maximum number of quanta along the z-axis and the maximum of the remainder
along the x-axis as:
λ = nz − nx
µ = nx − ny

(2.8)

In the special case of a single particle in the η-th shell the SU (3) irrep is thus given
by (λ, µ) = (η, 0).
Different options exist for a further classification of the SU (3) irreps (λ, µ)
with the sublabels depending on the choice of subgroups. For applications in the
shell model which use the SU (3) symmetry it is convenient to make use of the
rotational invariance of the system by selecting SO(3) as a subgroup. To do so, a
set of SU (3) generators that transform as rotational tensors should be chosen. They
can be expressed by the U (3) generators Aij introduced in Eq. (2.4) that correspond
to a cartesian scheme and shift oscillator quanta in the x, y or z direction, as:
L10 = i(A32 − A23 ),
1
L1±1 = − √ (A12 − A21 ± i(A31 − A13 )),
2
Qa20 = 2A11 − A22 − A33 ,
r
3
(A12 − A21 ± i(A13 + A31 )),
Q2±1 =
2
r
3
(A22 − A33 ± i(A23 + A32 ))
Q2±2 =
2
5

(2.9)

This set of SU (3) generators consists of the three components of the angular momentum operator Li and the five components of the algebraic quadrupole operator Qa2µ .
The algebraic quadrupole operator has angular momentum 2 and can be expressed
in cartesian coordinates as:
s
4π 2
Qa2µ =
(r Y2µ ((r)) + r04 p2 Y2µ (p)), µ = −2, −1, 0, 1, 2.
(2.10)
5r04
The SU (3) generators from Eq. (2.9) satisfy the following commutation relations:
√


L1µ , L1ν = − 2 h1µ, 1ν|1µ + νi L1µ+ν ,
√


L1µ , Qa2ν = − 6 h1µ, 2ν|2µ + νi Qa2µ+ν ,
√
 a

(2.11)
Q2µ , Qa2ν = 3 10 h2µ, 2ν|1µ + νi L1µ+ν ,

where hl1 m1 , l2 , m2 |l3 , m3 i is the usual notation for a Clebsch-Gordan coefficient.
This choice of SU (3) generators, using the three components of the angular
momentum, makes clear that SO(3) is a subgroup of SU (3). A classification scheme
for the spatial part of harmonic oscillator states is thus given by the group chain
SU (3) ⊃ SO(3) ⊃ SO(2) where SO(2) is the group of rotations around one axis
that gives the m projection quantum number.
From the solutions of the harmonic oscillator it is known that in the singleparticle case the allowed angular momenta within the η-th shell are given by:
L = η, η − 2, ...1

or

0

(2.12)

reflecting the fact that all states within a fixed shell have the same parity P = (−1)η .
In the many-particle case, where the SU (3) irrep (λ, µ) is not restricted to
(η, 0), the total angular momentum is given by a generalization of the rule above
[3]:
L = λ + µ, λ + µ − 2, ..., 1 or 0
(2.13)
for K = 0 and

L = k, k + 1, k + 2, ..., λ + µ − k

for K 6= 0 where K is given by

K = min(λ, µ), min(λ, µ) − 2, ..., 1

or

(2.14)
0

(2.15)

The quantum number K (sometimes called Elliott “K” quantum number) reflects
the fact that in this classification scheme multiple occurrences of L are possible
within a certain SU (3) irrep (λ, µ). This label also has a physical interpretation
that will be discussed in a later section.
Alternatively, a multiplicity label κ can be introduced to distinguish between
multiple occurrences of an angular momentum L. It runs from 0 to kmax with the
value of kmax given by
λ + µ + 2 − L λ + 1 − L µ + 1 − L
kmax =
−
−
(2.16)
2
2
2
 
Here, ... is the notation for the greatest integer (or Gauss) function.
A harmonic oscillator eigenstate can thus be labeled by the two SU (3) quantum numbers λ, µ plus the three additional sublabels L, mL and κ.
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2.2

Basics and Advantages of the SU (3) Model

In the late fifties, Elliott developed an algebraic theory that is able to describe collective phenomena and treats the nucleus as a many-particle fermionic system. It
invokes special group symmetries associated with collective behavior in an attempt
to achieve a tractable microscopic description of nuclear phenomena. The Elliott
or SU (3) shell model [3] uses the three-dimensional isotropic oscillator as an approximation for the nuclear mean field and makes use of the associated symmetry
group SU (3) for the classification of the many-particle states and the construction
of the Hamiltonian. An important feature of the model which allows for a geometric
interpretation of the SU (3) eigenstates is its relation to the rotor picture. Thus it
succeeds in bridging the gap between collective and single-particle theories .
It is expected that any microscopic description of nuclei in terms of fermion
degrees of freedom will result in large dimensionalities of the many-particle configuration space. A basic assumption usually used that greatly reduces the size of the
model space is that only particles in an open (so called valence) shell have to be
considered for the many-particle wave function. So, the filled shells are treated as
an inert spherical core. They have no direct effect on the nuclear properties, thus
allowing one to truncate significantly the configuration space.
It may turn out that this truncation is not enough and even the configuration
space restricted to one oscillator shell η for which n = (η + 1)(η + 2)/2 levels are
available, remains large with a binomial growth of the dimension that for m fermions
in n levels is approximately given by nm . For many realistic applications this growth
prohibits or severely slows down calculations even on today’s computers. Group
theoretical methods provide an elegant solution for this dillema by making use of
symmetry properties of the Hamiltonian. A crucial ingredient is the construction
of a realistic nuclear Hamiltonian using the generators of a specific group. For a
symmetry-adapted basis, no mixing between the basis vectors belonging to a fixed
group irrep occurs if the Hamiltonian describes a system with exact or dynamical
symmmetry. An appropriate choice of a subspace can then be made which will lead
to a drastic reduction of the configuration space.
For the Elliott model, this is achieved by introducing a nuclear Hamiltonian
with SU (3) symmetry, the symmetry group of the unitary transformations in an oscillator shell. As is already known from the single-particle shell model, the harmonic
oscillator can be used as an approximation for the nuclear mean field of a realistic
Hamiltonian. However, additional terms are necessary that have to conserve the
SU (3) symmetry but at the same time be able to produce an energy spectrum specific to the systems we would like to be able to describe like a typical rotational
spectrum.
The key piece of the SU (3) Hamiltonian which can do this and that was
introduced by Elliott is the algebraic quadrupole operator
r
r

4π rs2
~
a
2 2
).
(2.17)
Q2µ =
( 2 Y2µ (rs ) + b ps Y2µ (ps )
(b =
2
5b b
mω
Elliott first realized the advantage of using the algebraic quadrupole operator instead
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of the usual collective quadrupole operator
r
16π rs2
Y2µ (rs )
Qc2µ =
5 b2

(2.18)

which lies in the fact that the five components of the former one together with
the three components of the angular momentum are generators of SU (3), as was
discussed in the previous section.
Within a major oscillator shell the matrix elements of Qc and Qa are identical,
but since Qc couples states belonging to the η-th shell with those of the η 0 -th shell
that differs by two quanta, η = η±2, it introduces a mixing between these shells. For
small and medium deformations however, the effect of both operators is comparable.
It can be shown [17] that the long-range part of the nucleon-nucleon interaction
is given by the quadrupole-quadrupole interaction and it is an important part of any
realistic nuclear Hamiltonian. For the description of the well-deformed nuclei away
from the magic numbers the quadrupole-quadrupole term is essential and will to a
great extent determine the dynamics of the system.
The rotationally invariant quadrupole-quadrupole operator Qa .Qa is thus diagonal in a SU (3) basis with its eigenvalues EQa .Qa given by
EQa .Qa = 4C2 − 3L(L + 1),

(2.19)

where L is the angular momentum and C2 is the second degree Casimir operator of
SU (3) which has an expectation value given by
h(λ, µ)|C2 |(λ, µ)i = (λ + µ)(λ + µ + 3) − λµ.

(2.20)

The L2 dependence of the Qa .Qa eigenvalue allows one to reproduce a rotational
spectrum with a SU (3) conserving Hamiltonian that is constructed using the harmonic oscillator potential plus the quadrupole-quadrupole interaction:
HSU (3) = Hosc −

χ a a
Q .Q .
2

(2.21)

Thus, the simplest version of the SU (3) model Hamiltonian is able to describe a
collective feature that is not included in the single-particle model. It can also account for another important collective feature, namely, the enhanced E2 transitions
between members of identical bands.
As was mentioned earlier, the large dimensionality of the configuration space
for many-particle wave functions makes an effective truncation scheme essential for
practical applications. The structure of the Qa .Qa eigenvalue provides a natural
choice for this truncation scheme. Because of its C2 dependence, the rotational
band with lowest energy can be associated with the SU (3) band that has the largest
C2 value possible for a given particle configuration. This so-called leading irrep
with a few additional SU (3) irreps that come next in an ordering scheme according
to the value of C2 are sufficient to describe the low-energy spectrum of a welldeformed nucleus. This simple truncation scheme yields a dramatic reduction of
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the configuration space. In later sections we will introduce some more elaborate
choices of truncation schemes in the cases when two types of particles are involved
in constructing the basis states and when various spatial configurations or relatively
strong mixing terms are involved.
Proton-neutron wave functions may be built using two approaches depending
on whether we deal with light or heavy nuclei. Since for light nuclei the protons
and neutrons share the same single-particle levels, the isospin degree of freedom is
introduced with the protons and neutrons treated as different states of an isospin 1/2
doublet. Thus, the total number of states within an oscillator shell is N = 4Ω (where
Ω = (η+1)(η+2)
is the spatial dimension of the η-th oscillator shell and the factor 4
2
comes from the spin-isospin part). In case of heavy nuclei, for each type of particles
we have N = 2Ω states. According to the Pauli principle, an m-particle wavefunction
must transform like the totally antisymmetric representation [f m ] = [1m ] of U (kΩ)
(where k=2 or k=4).
A classification of the m-particle wave function into irreps of the unitary group
in N dimensions U (N ) simultaneously specifies the irrep of the permutation group
on m objects (Sm ) to which each of the m-particle wavefunctions belongs [18]. This
U (N ) and Sm correspondence means that it is sufficient to give further consideration
to only one of the two, a result that applies to bosonic as well as fermionic schemes.
In most cases, the focus moves on the group U (N ) because
 
it is simpler to deal
with. The irreps of U (N ) are labeled by the symbol f = f1 , f2 , ..., fN which
has a simple pictorial representation called a Young diagram consisting of placing
f1 boxes directly adjacent to each other in a horizontal row, with f2 < f1 boxes
left justified in a second rowP
below and adjacent to the first set, etc. As each box
corresponds to one particle, i fi = m for an m-particle configuration.
Since N = kΩ, an m-particle fermionic wavefunction belongs to the antisymmetric irrep of the unitary group in kΩ dimensions, U (kΩ), which also means that it
belongs to the antisymmetric irrep of the permutation group.
  For
 m particles,
  this

antisymmetric irrep is the one with all the fi ’s equal to 1, f = 1, 1, ..., 1 ≡ 1m .
However, the full shell model space can be further partitioned into space and spin, or
space and spin-isospin parts, with spatial dimensionality Ω. When this is done, each
part can have any allowed m-particle symmetry, so long as its complement has the
conjugate symmetry to insure that the product remains totally antisymmetric under
particle permutation. The unitary symmetries associated with a factorization of the
valence space into a direct product of two are denoted as U (kΩ) ⊃ U (Ω) × U (k)
where k = 2 for the spin and k = 4 for the spin-isospin cases. Overall antisymmetry
to the irrep of U (Ω). So, the
in U (kΩ) requires that the U (k) irrep be conjugate
 
f irrep of U (Ω) and the conjugate irrep f c of U (k) are related to one-another
by row-column interchange.
The spatial part of the wavefunction may be further classified according to
the group chain U (Ω) ⊃ SU (3), thus making use of the SU (3) symmetry of the
Hamiltonian. Here, a multiplicity label α has to be introduced in order to distinguish
between multiple occurrences of a SU (3) irrep (λ, µ) in a U (Ω) irrep [f ]. Next, the
spatial part can be further classified by the SU (3) ⊃ SO(3) subchain, a reduction
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Figure 2.1: Decomposition of the U (4Ω) space in light (A ≤ 28) nuclei. The associated irrep labels for the spatial symmetries are given on the left, and those for the
intrinsic spin-isospin ones on the right.
we discussed earlier (see section 2.1) where we also introduced the multiplicity label
κ.
The unitary group U (k) - corresponding to the intrinsic part of the wave
function - can be reduced similarly: U (2) ⊃ SU (3) ⊃ SUS (2) for identical particles,
where the spin S, which labels the SU (2) irrep, is fixed once [f c ] is specified, since
S = (f1c − f2c )/2. In the spin-isospin formalism, one has the reduction U (4) ⊃
SUS (2) ⊗ SUT (2), which yields quantum numbers βST , where S and T denote spin
and isospin and β gives the multiplicity of (ST ) in the U (4) irrep [f c ].
This way we can construct m-particle states
 
m f α(λ, µ)κL, S; JM
(2.22)
for an identical-particle system, and
 
m f α(λ, µ)κL, β(ST )JM, MT

(2.23)

in the spin-isospin formalism. The quantum numbers that identify the irrep of U (k)
are suppressed in the last two equations since they are fixed by the labels [f ] of U (Ω)
and the requirement of overall antisymmetry. Basis states for light nuclei (A ≤ 28)
are of the form (2.23). The full group decomposition in this case is shown in Fig.
2.1.
For heavy nuclei, where protons and neutrons occupy different shells, the totally antisymmetric wave functions for protons and neutrons, each having the form
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Figure 2.2: Proton-neutron decomposition in heavy nuclei. The associated irrep
labels on the left are for the protons, and those for the neutrons - on the right.
given in Eq. (2.22) must be coupled to a total wavefunction, where the coupling
may be done on different levels. We may have states in Jπ − Jν coupled (SU (3)
uncoupled) scheme
|{Nπ [fπ ]απ (λπ , µπ )κπ Lπ , [fπc ]Sπ ; Jπ }{Nν [fν ]αν (λν , µν )κν Lν [fνc ]Sν ; Jν }JM i , (2.24)
or in a SU (3) coupled scheme
|{Nπ [fπ ]απ (λπ , µπ ), Nν [fν ]αν (λν , µν }ρ(λ, µ)κL, {[fπc ]Sπ , [fνc ]Sν }S; JM i .

(2.25)

The group decomposition corresponding to the SU (3)-coupled scheme is given in
Fig. 2.2.
The choice of scheme to use depends on the dynamics generated by the Hamiltonian. If the residual proton-neutron interaction reenforces the deformation generated in the separate proton and neutron spaces, then the SU (3)-coupled scheme is
appropriate to use. The JJ-coupled scheme would be appropriate when the residual
interaction favors strong pairing correlations.

2.2.1

Coupling of Two SU (3) Irreps

As will be explained in more detail later, in order to obtain the state (2.25) we have to
perform a unitary transformation between the uncoupled proton and neutron basis
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states (2.22) and this coupled state. The elements of this transformation are the
Wigner coefficients (see Appendix A). The outer multiplicity label ρ = 1, 2, ..., ρmax
in (2.25) (where ρmax denotes the number of possible couplings) can be thought of
as labeling different relative orientations of the proton (λπ , µπ ) and neutron (λν , µν )
shapes that give rise to the same final proton-neutron shape (λ, µ) [19]. The possible
(λ, µ) irreps in the final product can be obtained by coupling the appropriate Young
diagrams which we briefly mentioned earlier.
The standard procedure for decomposing a product of two SU (3) representations into its irreducible parts 1 is to apply the Littlewood rules for the coupling of
two two-rowed Young diagrams [20]. In order to probe quantitatively the allowed
SU (3) product configurations, we can express this “prescription” in mathematical
terms by introducing new quantum numbers mimicking the construction process of
a SU (3) product irrep through the Littlewood rules. These rules can be summarized
in the following way:
• Step 1 - Compose the Young diagrams for each of the two representations;
• Step 2 - Mark in the second diagram all the boxes in the first row an “a”, the
ones in the second row with a “b”, etc.
• Step 3 - Add all the boxes marked with an “a” to the right-hand ends of the
first diagram having in mind the following restrictions:
(a) there must be never more than two or more boxes marked with an “a” in
the same column;
(b) the diagram must remain regular which means that no row contains less
elements than the row beneath.
• Step 4 - Repeat the same procedure for those boxes marked with a “b” keeping
in mind the following additional restrictions:
(a) reading from right to left, the number of boxes marked with a “b” does
not become larger than the ones marked with an “a”;
(b) diagrams with more than N rows are prohibited for the case of an U (N )
symmetry;
• Step 5 - Repeat step 4 for all additional rows of the second factor.
For instance, using these rules for the representations (λ1 , µ1 ) = (1, 1) and
(λ2 , µ2 ) = (1, 1) results in 6 coupled irreps - (2,2), (3,0), (0,3), (1,1) (appearing
twice) and (0,0).
Alternatively, we may follow a slightly different approach. For reasons of
simplicity it is useful to start with the leading SU (3) representation given by
(λπ , µπ ) ⊗ (λν , µν ) → (λ, µ) = (λπ + λν , µπ + µν ).
1

(2.26)

The unimodular group SU (3) is obtained from U (3) by removing those transformations which
simply introduce an overall change of phase. As a consequence, those representations of SU (3)
which correspond to diagrams differing only in the number of complete columns become equivalent.
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The corresponding Young diagram consists of λπ + µπ + λν + µν boxes in the first
and µπ + µν boxes in the second row. Any other representation can only be obtained
by removing a certain number of boxes, m, from the first row and distributing them
to the second and third row, respectively. If n denotes the number of boxes added
to the second row, the Young diagram assumes the following structure:
first row:
second row:
third row:

λ π + λν + µπ + µν − m
µ π + µν
m−n

boxes,
boxes,
boxes,

(2.27)

which is equivalent to a
(λ, µ) = (λπ + λν − m − n, λπ + λν + 2n − m)

(2.28)

representation. Repeating the upper procedure for the second row, with k denoting
the number of boxes shifted from the second to the third row, the Young diagram
transforms into
first row:
second row:
third row:

λπ + λν + µπ + µν − m boxes,
boxes,
µ π + µν + n − k
m − (n − k)
boxes.

(2.29)

Hence, any possible (λ, µ) configuration is of the form
(λ, µ) = (λπ + λν − m − (n − k), µπ + µν + 2(n − k) − m).

(2.30)

Notice that n and k appear only as a difference, i.e. a SU (3) product representation
does not distinguish between different combinations of n and k as long as their
difference remains constant; possible multiple occurrences of the same value of (n-k)
generates cases with multiplicity ρ > 1. So, the result for the tensor product is given
by
(λ, µ) = (λπ , µπ ) ⊗ (λν , µν )
M
=
(λπ + λν − m − (n − k), µπ + µν + 2(n − k) − m),

(2.31)

m,n,k

where, according to the Littlewood rules, the limits for summation over m,n and k
are given by
n≥0
k≥0
m≥n

2.3

m − n ≤ µπ
m − n ≤ λν
m − k ≤ λν

m + k − 2n ≤ µπ ,
n ≤ λπ ,
k ≤ µν .

(2.32)

The SU (3) Hamiltonian

An important property of the SU (3) model is its relation to the rotor model. Since
the simple SU (3) Hamiltonian (2.21) with quadrupole-quadrupole interaction is
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able to reproduce a rotational spectrum where the ground state band is given by
a unique SU (3) irrep, such a relation can already be anticipated. It allows for an
interpretation of SU (3) irreps in terms of the shape variables β and γ that are
commonly used as a measure for the axial and triaxial deformation thus bridging
the gap between a microscopic and a macroscopic description of nuclei [21].
It turns out that the Hamiltonian (2.21) is too schematic to reproduce the
details of realistic rotational spectra. Specifically, states of a given SU (3) irrep (λ, µ)
which have the same angular momentum are degenerate, whereas in experimental
spectra one finds individual rotational bands - corresponding to different multiplicity
labels κ - which are shifted relatively to each other [22, 23, 24] (a phenomenon
referred to as “K-band splitting”). The problem can be resolved if we generalize our
Hamiltonian by adding terms that are rotationally invariant and conserve the U (3)
symmetry of the system.

2.3.1

The Rotor and SU (3)

The rotor has always enjoyed a prominent role in physics. It was also one of the
first problems addressed with the quantum methods developed independently by
Heisenberg, Born, Jordan [25] and Schrödinger [26]. Casimir [27] established a relationship between the eigenfunctions of the rotor and the irreducible representations
of the rotation group in three dimensions clearly demonstrating the advantages of
using algebraic techniques over analytic methods when the Hamiltonian possesses a
known symmetry.
The dynamics of a quantum rotor found its earliest application in the fields of
atomic and molecular physics. With the advent of nuclear structure data showing
rotational features, it quickly became a model of choice in nuclear physics as well and
it is now commonly applied in the study of nuclei with spectra that show rotational
characteristics.
The Hamiltonian of a triaxial rotor HROT is given by
HROT = Ax Ix2 + Ay Iy2 + Az Iz2 ,

(2.33)

where the operators Iα2 (α = x, y and z) are the squares of the projections of the
total angular momentum operator I on the α-th axis in the body-fixed frame of
reference and Aα = 1/2Jα is the corresponding inertia parameter. The inertia parameters Aα are usually chosen using the convention Ay ≤ Ax ≤ Az . An asymmetry
parameter κ, related to the inertia ellipsoid and defined by
κ=

2Ax − Ay − Az
,
Az − A y

(2.34)

is commonly used to describe the shape of the rotor: κ = −1 when Ax = Ay < Az ,
a prolate shape; κ = +1 when Ay < Ax = Az , an oblate geometry; and κ = 0 when
z
, the most asymmetric configuration. For the cases of axial symmmetry,
Ax = Ay +A
2
the Hamiltonian is diagonal with eigenvalues
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Table 2.1: Classification of the eigenstates
try classes of the Vierergruppe D2 .
Symmetry Transformation
type
E T 1 T2 T3
A
1 1 1 1
B1
1 1 -1 -1
B2
1 -1 1 -1
B3
1 -1 -1 1

of the triaxial rotor according to symmeIndex
λ µ
e e
e o
o o
o e

Dimension
I(even) I(odd)
(I+2)/2 (I-1)/2
I/2
(I+1)/2
I/2
(I+1)/2
I/2
(I+1)/2

Ek=-1 = Ay I(I + 1) + (Az − Ay )K 2
Ek=+1 = Az I(I + 1) + (Az − Ax )K 2

for
for

k=-1
k=+1,

(2.35)

with K being the eigenvalue of the projection of the angular momentum on the
intrinsic z axis. So, in these limiting cases, the spectrum shows a rotational characteristic with I(I + 1) spacing for each value of K.
The rotor Hamiltonian is invariant under rotations by an angle of π about the
principal axis. This set of transformations, {E, Tα } where E is the identity and
Tα = exp(iπα ), generates the Vierergruppe (D2 ). As a consequence the hamiltonian matrix, which has dimension 2I + 1 for angular momentum I, can be brought
into block diagonal form with the submatrices labelled by the symmetry classes of
D2 , see Table (2.1). A convenient representation for the eigenstates of the general
Hamiltonian (2.33) is given by
X
(λµ)νI
0 (λµ)νIK (λµ)KI
C
Ψsym M ,
(2.36)
ΨROT M =
K≥0

where
(λµ)KI
M

Ψsym

=



1/2 

2I + 1
I
λ+µ+I I
D
+
(−1)
D
.
M
K
M
−K
16π 2 (1 + δK0 )

(2.37)

I
Here, the DM
K are the standard SO(3) rotation matrices. For the axially symmetric
case (κ = −1) the magnitude of K, which is the eigenvalue of I3 , is a good quantum
number but, as indicated, eigenstates of the asymmetric rotor (κ 6= −1) involve a
linear combination of states with different K values. The prime on the summation
indicates either all even or all odd values for K. In Eq. (2.37), λ can be even or
odd, and µ is even for K even and odd for K odd. The traditional choice replaces
the λ + µ + I expression by a single quantity γ and a rather cumbersome rule for
assigning it a value. Note how simply λ and µ specify the symmetry class of D2 to
which the eigenstates belong, see Table 2.1.
So, in the cases of both the symmetric and asymmetric rotor, the eigenstates
can be labeled by the angular momentum, its third projection along the body-fixed
axis K, and M-its third projection on the laboratory-fixed axis. They can be grouped
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in bands of a certain K-value, so we have the ground-state band corresponding to
K = 0, and the other K-bands of odd or even values according to the γ-value
(γ = λ + µ + I).
The collective aspects of the nuclear interaction can be described naturally
within the framework of the SU (3) model. The close relation between the rotor and
the SU (3) group translates into the ability of a SU (3) symmetry preserving Hamiltonian to describe the rotational spectrum of well-deformed nuclei and also allows
one to map SU (3) eigenstates |(λ, µ)i onto shapes parametrized by the deformation
parameters β and γ of the quantum rotor [28, 29].
The rotor group T5 ∧ SO(3) is generated by the five moments of the collective quadrupole operator (see Eq. (2.18)) which coincide with the moments of the
corresponding inertia tensor and three components of the angular momentum. The
commutation relation between these generators of the semi-direct product of T5 and
SO(3) are:
√


Lµ , Lν = − 2 h1µ, 1ν|1µ + νi Lµ+ν ,
√


Lµ , Qcν = − 6 h1µ, 2ν|2µ + νi Qcµ+ν ,
 c c
Qµ , Qν = 0,
(2.38)

reflecting the typical structure of a semi-direct product
group
 with two sets of gener

ators, each separately closed under commutation ( T5 , T5 → T5 , SO(3), SO(3) →
SO(3)) but with the commutator of an element of one group with an element of the
other yielding an element of only one of the sets ( T5 , SO(3) → T5 ). These commutation relations are similar to the ones between the algebraic quadrupole operator,
Qaµ and the angular momentum, L, that are generators of SU (3), namely,
√


Lµ , Lν = − 2 h1µ, 1ν|1µ + νi Lµ+ν ,
√


Lµ , Qaν = − 6 h1µ, 2ν|2µ + νi Qaµ+ν ,
√
 a a
Qµ , Qν = 3 10 h2µ, 2ν|1µ + νi Lµ+ν ,
(2.39)

where only the last commutation relation for the quadrupole operators are different,
giving zero in the rotor case and non-zero in the SU (3) case.
SU (3) is a compact group with a maximum value for the angular momentum,
L, whereas the one for the rotor is noncompact with unbound L. However, the
SU (3) algebra contracts to that of the rotor when the angular momentum L is small
a
compared to (λ + µ), which can be seen by rescaling Qa as √QC2 [30]. The procedure
leaves the first two commutation relations unchanged but implies [Qaµ , Qaν ] ≈ 0 for
C2 >> L in the SU (3) case. This is equivalent to the statement that the SU (3)
model describes rotational states very well as long as
L << (λ + µ).

(2.40)

Since both the rotor and SU (3) theory are describing the same physical phenomena
- that is, a rotational spectrum - and their algebras are closely related, it is natural
to require a correspondence between the invariants of both groups. The eigenvalues
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of the two invariants C2 and C3 of the rank two group SU (3) can be expressed by
the SU (3) labels (λ, µ) as:
< C2 > = (λ + µ)(λ + µ + 3) − λµ,
1
(λ − µ)(λ + 2µ + 3)(2λ + µ + 3).
< C3 > =
9

(2.41)

The symmetry group of the rotor T5 ∧ SO(3), also has two invariants,
the traces of
q
1
1
35
the square (T r[(Qc )2 ] = 6 Qc .Qc ) and cube (T r[(Qc )3 ] = − 36 2 (Qc ⊗ Qc ⊗ Qc )0 )
of the collective quadrupole matrix which have the following eigenvalues:
< T r[(Qc )2 ] > = λ21 + λ22 + λ23 ,
< T r[(Qc )3 ] > = λ1 λ2 λ3 .

(2.42)

Here, the λα are the expectation values of the quadrupole matrix in its body-fixed
principal axis frame (Qcαβ = λα δαβ ) that can be parametrized by the shape variables
(β, γ) as:
r
5 Ar02
2πα
λα =
βcos(γ −
)
α = 1, 2, 3,
(2.43)
π 3
3
where A denotes the number of like particles and r0 is a dimensionless root-meansquare radius.
Requiring a correspondence between the invariants of the two groups, i.e. C2 ∼
T r[(Qc )2 ] and C3 ∼ T r[(Qc )3 ], leads to the following relation between the SU (3)
labels (λ, µ) and the λi ’s:
1
λ1 = − (λ − µ),
3
1
λ2 = − (λ + µ + 3),
3
1
λ3 =
(2λ + µ + 3).
3

(2.44)

This set of equations translates into the following relation between the shape variables (β, γ) and the SU (3) irreps (λ, µ):
4π 1
(λ2 + λµ + µ2 + 3(λ + µ + 1)),
5 (Ar02 )2
√
3(µ + 1)
tanγ =
.
2λ + µ + 3
β2 =

(2.45)

This relation can be interpreted also as a mapping between the labels
p (λ, µ) and
spherical coordinates (kβ, γ) ↔ (r, γ) where the abbreviation k = 5/9πAr0 has
been used:
kβcosγ = kβx = (2λ + µ + 3)/3,
µ+1
kβsinγ = kβy = √ .
3
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(2.46)

Following these equations, each irrep (λ, µ) corresponds to a unique parametrization
in terms of shape by (β, γ). For example, Eq. (2.58) implies that for µ = 0 the
deformation parameter γ is close to zero. A SU (3) irrep with µ = 0 thus corresponds
to a prolate (cigar-like) shape. For the case λ = µ the SU (3) irrep describes a
particle distribution with maximum triaxiality, γ = 30◦ . A SU (3) irrep with λ = 0
corresponds to an oblate (pancake-like) shape with γ = 60◦ .
The fermionic nature of the nucleons, a feature that is not included in the
collective models, is reflected in the SU (3) model through the values the quantum numbers λ and µ can assume. Each (λ, µ) corresponds to an unique shape
parametrized by (β, λ), but the opposite is not always true. While β and γ can vary
continuously, the group structure U (Ω) ⊃ SU (3) dictates a limited set of allowed
(λ, µ) values depending upon the number of nucleons in a shell.

2.3.2

Shell-Model Operator for K-band Splitting

The realization of a shell-model expression for an operator K 2 that produces K-band
splitting was an important step in the development of the SU (3) shell model. Since
K 2 is the eigenvalue of the special rotor Hamiltonian, namely I32 , where I32 is the
projection of the total angular momentum on the body-fixed symmetry axis, this
result led to a K-operator, and provided analytic expressions for its matrix elements
in the Elliott SU (3) ⊃ SO(3) basis [23, 24]. The eigenvalue of the K 2 operator is
exactly K 2 in the limit L << min(λ, µ), where K is the Elliott K quantum number
defined through projection on an intrinsic state of maximum deformation.
To derive the SU (3) model equivalent of the K 2 operator which is necessary for
a realistic description of the rotational structure, the relation between the SU (3)
algebra and the rotor algebra is used. Ideally, in addition to being a rotational
invariant, such a SU (3) model equivalent of K 2 should conserve the SU (3) symmetry
of the system. In the case of S=0, by employing a special minimal set of SO(3)
scalars, the so-called SU (3) → SO(3) integrity basis, which has been shown [31] to
contain five operators that give rise to real symmetric matrix forms, the Hamiltonian
can be rewritten in a frame-independent expression. The operators can be chosen
to be the Casimir invariants L2 , C2 and C3 , and two non-SU (3) invariant rotational
scalars, labeled X3a and X4a , which are of degree three and four, respectively, in the
SU (3) generators:
X
X3a =
Li Qaij Lj ,
i,j

X4a

=

X

Li Qaij Qajk Lk .

(2.47)

i,j,k

Since only the operators X3a and X4a are able to couple and mix multiple occurrences
of a given SO(3) irrep in SU (3), they have to be part of a SU (3) Hamiltonian that
is able to reproduce a more complex rotational spectrum. In the most general case,
this Hamiltonian has the form
HSU (3) = a1 C2 + a2 C3 + a3 L2 + a4 X3a + a5 X4a .
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(2.48)

In order to extract the shell-model equivalent of the K 2 operator from this Hamiltonian, the collective version of the three terms in HSU (3) with an angular momentum
dependence has been rewritten, replacing the algebraic quadrupole operator with
its collective counterpart that is diagonal in the body-fixed principle axis frame
(Qcαβ = λα δαβ ):
L2 =

X

Li Li =

i

X3c

=

X

X
i

Li Qci,j Lj

=

i,j

X4c

=

X

Ii2 ,
X
i

Li Qci,j Qcj,k Lk

=

λi Ii2 ,
X

λ2i Ii2 .

(2.49)

i

i,j,k

Here, the notation I and L is used for the angular momentum in the body-fixed and
lab-frame, respectively. This set of equations (2.49) can be inverted [23] to yield the
following expression for the Ii2 in terms of L2 and X c ’s:
Ii2 = [(λ1 λ2 λ3 )L2 + (λ2i )X3c + (λi )X4c )]/Di ,

Di = 2λ3i + λ1 λ2 λ3 .

(2.50)

Substituting these expressions into the Hamiltonian for an asymmetric rotor
HROT = Ax Ix2 + Ay Iy2 + Az Iz2 ,

(2.51)

gives a frame-independent expression for HROT , namely,
HROT = aL2 + bX3c + cX4c ,

(2.52)

where the parameters a, b and c are given as
X
a =
λ1 λ2 λ3 Ai /Di ,
i

b =

X

λ2i Ai /Di ,

i

c =

X

λi Ai /Di .

(2.53)

i

To derive a SU (3) shell model image of K 2 = I32 from this Hamiltonian, the operators X3c and X4c that couple shells differing by two quanta have to be changed
back to their algebraic counterparts that were introduced in Eq. (2.47). As it was
shown [21], this substitution does indeed yield a shell-model Hamiltonian that is
able to reproduce the rotor results and observed rotational phenomena in nuclei.
The algebraic equivalent of HROT in Eq. (2.52) for the special case Ax = Ay = 0
and Az = 1 is thus a natural definition for a shell-model operator K 2
K 2 = (λ1 λ2 L2 + λ3 X3a + X4a )/(2λ23 + λ1 λ2 ).
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(2.54)

From the correspondence between the invariants of the rotor group T5 ∧ SO(3) and
SU (3), the parameters λi are given as a function of the SU (3) labels λ and µ by
1
λ1 = − (λ − µ),
3
1
λ2 = − (λ + 2µ + 3),
3
1
λ3 =
(2λ + µ + 3).
3

(2.55)

Since the SU (3) irreps are related to the shape of nuclear distribution, this can be
seen as a generalization of the rotor Hamiltonian given in Eq. (2.51) where the
coefficients are determined by the moments of inertia.
As in the case of rotational spectra generated by the quadrupole-quadrupole
operator, the correspondence between the K operator in the SU (3) and rotor pictures
is best for small values of L. This reflects the fact that SU (3) is a compact group
with finite-dimensional irreps, while the symmetry group of the rotor is non-compact
with infinite-dimensional representations. The K-band splitting was reproduced in
the 24 Mg and 168 Er by applying this theory to only the leading representations of
these nuclei [23].
So far, the K2 operator we talk about, is actually K2L , since the total spin
considered was S = 0, and therefore J = L. Following the development of a
shell-model operator to describe the K-band splitting in even-even nuclei, a shellmodel operator that generates KJ -band splitting in odd-A nuclei was introduced
[24]. KJ = KL + KS is the projection of the total angular momentum, J = L + S,
on the principal symmetry axis of the system. The appropriate form for S = 0
states, has to reduce to the algebraic equivalent of K 2L for S = 0 in even-A nuclei.
In this case the Hamiltonian of a generalized triaxial rotor is given by Eq.
(2.51) where I, (I 2 = Ix2 + Iy2 + Iz2 ) is now the total angular momentum that can be
either half-integral or integral.
X
X
J2 =
Ji Ji =
Ii2 ,
i

X3c

=

X

i

Ji Qcij Jj

i,j

X4c

=

X

=

X
i

Ji Qcij Qcjk Jk

=

λi Ii2 ,

X

λ2 Ii2 .

(2.56)

i

i,j,k

Equations (2.56) can be solved for the Ii ’s to obtain a frame independent rotor
Hamiltonian that in turn gives a frame-independent expression for KJ2 with the
inertia parameters Ax = Ay = 0 and Az = 1:
KJ2 = [(λ1 λ2 J 2 + λ3 X3c + X4c )]/(2λ23 + λ1 λ2 ).

(2.57)

Replacing X3c and X4c with their algebraic counterparts-for which the algebraic
quadrupole operator Qaαβ is used instead of its collective version - is then a natural definition for a SU (3) shell-model image of KJ2 .
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For the evaluation of the matrix elements of the X3a and X4a operators and
therefore of KJ2 in the angular-momentum projected spin-coupled basis of the SU (3)
scheme [24],
|γ(λ, µ)κLSJMJ i

with

γ = N [f ]α[f c ]βT MT ,

it is useful to express these operators in a tensor notation:
X
1√
X3a =
Jα Qαβ Jβ =
30[[J ⊗ Q]1 ⊗ J]0 ,
6
αβ

and

X4a =

X
αβγ

Jα Qαβ Qβγ Jγ = −

5√
3[[J ⊗ Q]1 ⊗ [J ⊗ Q]1 ]0 .
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(2.58)

(2.59)

(2.60)

Since the reduced matrix elements of Qa are known, the reduced matrix elements
for [[J ⊗ Q]1 ⊗ J]0 and [[J ⊗ Q]1 ⊗ [J ⊗ Q]1 ]0 (with k = 1 for X4a ) and therefore of
X3a and X4a , which are diagonal in all but κ and L, can be evaluated using

and

hγ(λ, µ)κLSJkX3a kγ(λ, µ)κ0 L0 SJi =
r
√
5
J(J + 1) 2J + 1W (J1J1; J2)h(λ, µ)κLSJkQa k(λ, µ)κ0 L0 SJi, (2.61)
6
hγ(λ, µ)κLSJkX4a kγ(λ, µ)κ0 L0 SJi =
X
√
5
00
(−1)J−J W (J1J1; J2)2
J(J + 1) 2J + 1
6
00 00 00
κ L J

a

h(λ, µ)κLSJkQ k(λ, µ)κ00 L00 SJih(λ, µ)κ00 L00 SJkQa k(λ, µ)κ0 L0 SJi, (2.62)

where the reduced matrix elements for Qa , which has SU (3) tensor character
(λ0 , µ0 )κ0 L0 = (1, 1)12 is given by
h(λ, µ)κLSJkQa k(λ, µ)κ0 L0 SJ 0 i =
p
(−1)φ 2 C2 (λ, µ)(2J 0 + 1)(2J + 1)W (SJ 0 L2; L0 J)
h(λ, µ)κ0 L0 ; (1, 1)12k(λ, µ)κLiρ=1 .

(2.63)

Here, the W(...) is an SU(2) Racah coefficient and h(λ, µ)κ0 L0 ; (1, 1)12k(λ, µ)κLiρ=1
denotes a reduced SU (3) ⊃ SO(3) coupling coefficient. The phase factor, (−1)φ =
−1 if µ 6= 0 and +1 if µ = 0, is required for consistency with the definition of SU (3)
coupling coefficients [32, 33]. The matrix elements for KJ2 reduce to those of the
simpler KL2 operator in the S = 0 configurations.
Eigenvalues of the K2J operator determined in the leading normal (or pseudo)
SU (3) irrep were calculated for 25 Mg [(λ, µ) = (9, 3), S = 12 ] and two heavy nuclei
- 159 Dy [(λ, µ) = (28, 6), S = 12 ] and 165 Er [(λ, µ) = (29, 8), S = 21 ] [24]. The results
show (see Fig. 2.3) that for low-J values in each band the calculated eigenvalues are
almost equal to the collective-model values: ( 21 )2 , ( 23 )2 , ( 52 )2 , etc. It is also seen that
the values for higher KJ ’s fall off from the expected rotor values with the fall off
being more pronounced the higher the KJ and J. Due to the bigger dimensionality
), the fall off is not as
of the irrep though (determined by d(λ, µ) = (λ+µ+2)(λ+1)(µ+1)
2
sharp as in the case of light nuclei like 25 Mg.
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Figure 2.3: Eigenvalues of the KJ 2 operator for the leading pseudo-SU (3) representation of the rare-earth nucleus 159 Dy, namely, (λ, µ) = (28, 6) (Taken from [24]).

2.4

More Realistic Hamiltonians - Addition of
Symmetry-Breaking Terms

Since for real nuclei SU (3) is only an approximate symmetry, we need a more realistic Hamiltonian than the one we discussed so far. Symmetry-breaking parts, like
single-particle energies and pairing interaction terms, that are one- and two-body
interactions, respectively, should be added. The modification of the Hamiltonian is
possible since the SU (3) model is a many-particle theory able to account for singleparticle degrees of freedom even though these terms do not appear naturally in the
SU (3) formalism. In this section, the matrix elements for single-particle energies
and the pairing interactions will be given in the framework of the SU (3) model.
The importance of the spin-orbit and orbit-orbit terms has been demonstrated
through the success of the single-particle shell model. Moreover, the observation
that the last unpaired nucleon determines the spin of the nucleus reflects on the
importance of the pairing interaction which lowers the energy of nucleon pairs coupled to total angular momentum zero. The pairing-plus-quadrupole model [34] has
been used to simulate both few-particle non-collective and many-particle collective
features in nuclei [35]. The addition of this two-body interaction is thus an important step towards a more realistic Hamiltonian. Pairing correlations are normally
attributed to the short-range part of the nucleon-nucleon interaction. Since the
spatial overlap of two-nucleon densities is at its maximum if the nucleons have the
same l and |m| value, this configuration is energetically favored by a short-range
attractive interaction.
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Experimentally, an energy gap of about 1 MeV can be seen in the spectrum of
even-even nuclei that are just a few nucleons away from a closed shell. This observation is important and gives an estimate for the strength of the pairing interaction.
The “pairing gap” occurs between the J π = 0 ground state and a set of nearly
degenerate states (J + = 2+ , 4+ , 6+ ...) and corresponds to the energy necessary to
break apart a nucleon pair.
A realistic Hamiltonian that accounts for single-particle effects as well as collective properties is given by the expression
X
χ
2
H = − Q.Q + Gπ HPπ + Gν HPν +
(Dσ liσ
+ Cσ liσ .siσ ) + aKJ2 + bJ 2 , (2.64)
2
i,σ=π,ν
where i runs over all particles in the shell. The spin-orbit force breaks both the SU (3)
symmetry and (by mixing different spins) the U (3) symmetry of the system. It tends
to keep a nucleus from realizing its maximum deformation, that is, it drives the
system towards smaller kβ values while not affecting the γ-deformation significantly.
A strong spin-orbit succeeds in softening the kβ and γ deformations to the point
where a shape can no longer be defined [36].
A general one-body operator that acts symmetrically on a system of identical
particles is given by the expression
X
F=
f (rs , σs ),
(2.65)
s

where rs and σs represent the position and the spin coordinates of the s-th particle. The one-body operator takes the following form in the second quantization
formalism:
X
F=
hρ0 |f (rs , σs )|ρia†ρ0 aρ .
(2.66)
ρ,ρ0

In this formalism, a fermion creation operator a†ρ is defined by its action on a vacuum
state |0i which results in the single-particle state |ρi
a†ρ |0i = |ρi ,

(2.67)

and the conjugate operator aρ annihilates a particle. Its action on the single-particle
state gives the vacuum state
aρ |ρi = |0i .
(2.68)
The set of anti-commutation relations for the fermion creation and annihilation
operators (a†ρ and aρ ) requires that a many-particle fermionic wavefunction must be
totally antisymmetric,
{a†ρ , aρ0 } = a†ρ aρ0 + aρ0 a†ρ = δρ,ρ0 ,

{a†ρ , a†ρ0 } = {aρ , aρ0 } = 0.

(2.69)

For a proton in the η-th shell, for example, the abbreviation |ρi corresponds to the
state (η, 0), l, ml , 21 , ms , π if the SU (3) ⊃ SO(3) group chain is used and angular
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momentum and spin are not coupled. Here, the single-particle SU (3) irrep label
(λ, µ) = (η, 0) is used in place of the principal quantum number. This is done
to stress the fact that the single-particle creation operator is an (η, 0) irreducible
tensor of SU (3). The corresponding annihilation operator transforms according to
the conjugate representation (0, η). The annihilation operator introduced above is
not a proper SU (3) tensor, but an operator ãγ that has good SU (3) transformation
behavior under SU (3) only differs from aγ by a phase factor [37]:
1

ãρ = ã(0,η)l,ml , 1 ,ms = (−1)η+l+m+ 2 +ms a(η,0)l,−ml , 1 ,−ms .
2

2

(2.70)

Let us introduce a one-body unit tensor, which according with the general formula
for coupling SU (3) tensor operators (see (C.5) from Appendix C) is simply a tensor
product of SU (3) creation and annihilation operators,

(λ,µ)κLML SMS
(1,1) (λ,µ)κLML SMS
= a†(η0 ,0) 1 ⊗ ã(0,η) 1
.
(2.71)
F(η0 ,0)(0,η) 1 1
2 2

2

2

We may also write it in an ls coupled form
(λλ)LSJ

Uηη0

≡
=

(λ,µ)κLSJM

U(η0 ,0)(0,η) 1 1 J = [a†(η0 ,0); 1 ⊗ ã(0,η); 1 ](λ,µ)κLSJMJ
2
2 2
2
X
†
hLML , SMS |JM i [a(η,0); 1 ⊗ ã(0,η); 1 ](λ,µ)κLML SMS

(1,1)

2

2

ML MS

(2.72)

which (when J = 0) is useful for the expansion of one-body operators that have to
be rotationally invariant. The tensor expansions for the single-particle spin-orbit
and orbit-orbit interactions are [12]:
X
X †
(λ,λ)0,0,0
li .si =
a(η,0)l 1 ⊗ ã(0,η)l 1 0
h(η, 0)l; (0, η)lk(λ, λ)0i
2

2

i

(λ,λ)l

(−)η
and
X

1
1
l(l + 1)(2l + 1) 2 ,
2
li2 =

i

X

(λ,λ)l


η

(2.73)

a†(η,0)l 1 ⊗ ã(0,η)l 1

2

2


1
(−) l(l + 1) 2(2l + 1) 2 .

(λ,λ)1,1,0
0

h(η, 0)l; (0, η)lk(λ, λ)1i
(2.74)

Similarly, we can introduce a two-body SU (3) unit tensor (2,2) F , as a product of a
unit tensor (2,0) F that creates a pair of particles and one (0,2) F that annihilates a
particle pair,
(2,0) (λ1 ,µ1 ),S1
ρ(λ,µ)κLML SMS
(λ ,µ2 ),S2
(2,2) ρ(λ,µ)κLML SMS
F(η0 ,0)(η ,0) 1 1 ⊗(0,2) F(0,η2 0 )(0,η
F(λ1 ,µ1 )(λ2 ,µ2 ),S1 ,S2 ≡
, (2.75)
1 1
)
1

1

2

2 2

2 2 2

where the pair creation and annihilation unit tensors are defined as:

(λ,µ)κLML SMS
(2,0) (λ,µ)κLML SMS
≡ a†(η0 ,0) 1 ⊗ a†(η,0) 1
F(η0 ,0)(η,0) 1 1
2 2
2
2
(µ,λ)κLML SMS

(0,2) (µ,λ)κLML SMS
.
≡ ã(0,η0 ) 1 ⊗ ã(0,η) 1
F(0,η0 )(0,η) 1 1
2 2

2
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2

(2.76)

A general two-body operator,
G=

N
X

g(xi σi , xj σj ),

(2.77)

i<j=1

can be expressed in second quantization as
X
G=
hβγ|f |δia†β a†γ aδ a ,

(2.78)

β,γ,δ,

where hβγ|f |δi are normalized antisymmetric two-particle states. As an example,
consider the pairing interaction which can be written in second quantization as
1 X † †
VP = − G
aγ aγ̃ aγ 0 aγ˜0 ,
4
0

(2.79)

γ,γ

where γ̃ and γ̃ 0 denote the time-reversed partners of single-particle states γ and γ 0 ,
respectively, and G is the strength of the pairing interaction. The expansion has the
following form [36]:
VP =


G
2

X

(λ1 ,µ1 )(λ2 ,µ2 )

X

Pηη0 ((λ1 , µ1 )(λ2 , µ2 )ρ0 (λ0 , µ0 ))

ηη 0


(µ λ ) ρ (λ ,µ )κ =1l =s =0
a†η ⊗ a†η ](λ1 µ1 ) ⊗ ã†η0 ⊗ ã†η0 2 2 0 0 0 0 0 0 ,

(2.80)

where the coefficients Pηη0 (...) involve a sum over the product of three SU (3) reduced
coupling coefficients
p
0
Pηη0 ((λ1 , µ1 )(λ2 , µ2 )ρ0 (λ0 , µ0 )) = (−1)l−l (2l + 1)(2l0 + 1)
h(η, 0)l; (η, 0)lk(λ1, µ1 )10i
h(η 0 , 0)l; (η 0 , 0)lk(λ2 , µ2 )10ih(λ1 , µ1 )l; (λ2 , µ2 )lk(λ0 , µ0 )10iρ0 .
(2.81)
It was shown [36] that when the pairing-plus-quadrupole model is realized in the
framework of the SU (3) scheme, the pairing force breaks the SU (3) symmetry and
removes almost all degeneracies which occur in the pure symmetry limits of the
theory.
Adding the one-body spin-orbit and orbit-orbit interactions, and the two-body
pairing interaction to a SU (3) Hamiltonian breaks the SU (3) symmetry. If a dominating quadrupole-quadrupole interaction is assumed, however, SU (3) still remains
extremely useful as an approximate symmetry. Specifically, this allows one to restrict the configuration space to SU (3) irreps with a large C2 value and to use group
theoretical tools for the evaluation of all required matrix elements.
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For a proton-neutron system, the reduced matrix elements of the Hamiltonian
(2.64) can be calculated using the following expression [38]:
h{Nπ0 [fπ0 ]απ0 (λ0π , µ0π ), Nν0 [fν0 ]αν0 (λ0ν , µ0ν )}ρ0 (λ0 , µ0 )κ0 L0 {Sπ0 , Sν0 }S 0 ; J 0
J0
||πν T{π}{ν}
||
{Nπ [fπ ]απ (λπ , µπ ), Nν [fν ]αν (λν , µν )}ρ(λ, µ)κL{Sπ , Sν }S; Ji


 L L 0 L0 
X
=
χ S S0 S 0


J J0 J 0
(λ0 ,µ0 )κ0 L0 S0
X
h(λ, µ)κL, (λ0 , µ0 )κ0 L0 || (λ0 , µ0 )κ0 L0 iρ̃
ρ̃

h{Nπ0 [fπ0 ]απ0 (λ0π , µ0π ), Nν0 [fν0 ]αν0 (λ0ν , µ0ν )}ρ0 (λ0 , µ0 ), {Sπ0 , Sν0 }S 0
|||πν T{π}{ν} |||
{Nπ [fπ ]απ (λπ , µπ ), Nν [fν ]αν (λν , µν )}ρ(λ, µ), {Sπ , Sν }Si,

(2.82)

with
h{Nπ0 [fπ0 ]απ0 (λ0π , µ0π ), Nν0 [fν0 ]αν0 (λ0ν , µ0ν )}ρ0 (λ0 , µ0 ), {Sπ0 , Sν0 }S 0
|||πν T{π}{ν} |||
{Nπ [fπ ]απ (λπ , µπ ), Nν [fν ]αν (λν , µν )}ρ(λ, µ), {Sπ , Sν }Si


 Sπ Sπ0 Sπ0 
= χ Sν Sν0 Sν0


S S0 S 0
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µ
)
(λ
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µ
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ρ


π
π
π
π
π
π
0
0
π


X  (λν , µν ) (λν , µν ) (λ0 , µ0 ) ρν 
0
0
ν
ν
χ
(λ, µ)
(λ0 , µ0 ) (λ0 , µ0 ) ρ̃ 



ρπ ρν


ρ
ρ0
ρ0

hNπ0 [fπ0 ]απ0 (λ0π , µ0π )Sπ0 |||π T (λπ0 ,µπ0 ),Sπ0 ||| Nπ [fπ ]απ (λπ , µπ )Sπ iρπ
0
0
hNν0 [fν0 ]αν0 (λν , µν )Sν0 |||ν T (λν0 ,µν0 ),Sν0 ||| Nν [fν ]αν (λν , µν )Sν iρν ,

(2.83)

where χ{...} denotes a unitary 9j or Jahn-Hope symbol [39, 40] and χ{....} its SU (3)
extension called a 9 − (λ, µ) coefficient [41]. The triple-barred matrix elements that
enter the equation, are reduced with respect to both SU (3) and SO(3), and can be
evaluated for operators of physical interest with the code now under development
[42].

2.5

Electromagnetic Transition Operators in the
SU(3) Model

We conclude this chapter by giving the expressions that are used in the SU (3)
model to calculate electromagnetic transition strengths which are quantities of great
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importance in nuclear physics. In general, the electric and magnetic transition
operators for a system of A nucleons in the long-wavelength approximation are
given by [43]:
XX
L
TM
(E) = bL0
eσ rσL (i)YLM (r̂σ (i)),
(2.84)
σ

i

XX 

2gσo σ  
L
TM
(M ) = b0L−1 µN
{ gσs sσ (i) +
l (i) . ∇σ (i)rσL (i)YLM (r̂σ (i)) },
L+1
σ
i

where σ = π or ν, b0 = A1/6 is the harmonic oscillator size parameter, g s and g o are
spin and orbital g factors, e is the charge and µN denotes the nuclear magneton.
Using the following operators:
Lσµ =

X
i

Sµσ =

X


1 X
rσ (i) × pσ (i) 1µ ,
lµσ (i) = √
2 i

sσµ (i),

i

QσM

=

X
i

σ
qM
(i)

=

X
i

r

16π 2
r (i)Y2M (r̂σ (i)),
5 σ

the M1 and E2 transition operators can be rewritten as:
r
X
3
1
Tµ (M ) =
µN
{gσo Lσµ + gσs Sµσ },
4π
σ
r
X
5 2
2
b
eσ QσM .
TM
(E) =
16π 0 σ

(2.85)

(2.86)

We can write down these operators in another form using the derivation in Appendix C. The SU (3) and SU (2) tensor forms for the corresponding single-particle
operators are given by [37]
(1,1);0

lµ = f11µ0 ,
(0,0);1

sµ = f100µ ,
r
1 (1,1);0
qm =
f
.
3 12m0

(2.87)

The triple-barred matrix elements for the orbital angular momentum, spin, and
quadrupole operators are listed below [44]:
1
1
4
h(η, 0); |||l|||(η, 0); i = [ C2 (η, 0)]1/2 ,
2
2
3
1
3 1/2
1
h(η, 0); |||s|||(η, 0); i = [ ] ,
2
2
4
1
1
h(η, 0); |||q|||(η, 0); i = [4C2 (η, 0)]1/2 ,
2
2
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(2.88)

where C2 (λ, µ) indicates the eigenvalue of the second order Casimir invariant of
SU (3) in the (λ, µ) irrep. Substituting the last three formulas into Eq. (C.6)
derived in Appendix C we find
1
(1,1);110
Lµ = [ dim(η, 0)C2 (η, 0)]1/2 {a†(η,0);1/2 ⊗ ã(0,η);1/2 }1 µ ,
3
1
(1,1);101
Sµ = [ dim(η, 0)]1/2 {a†(η,0);1/2 ⊗ ã(0,η);1/2 }1 µ ,
2
(1,1);120
QM = [dim(η, 0)C2 (η, 0)]1/2 {a†(η,0);1/2 ⊗ ã(0,η);1/2 }2 M .
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(2.89)

Chapter 3
Pseudo-Spin Symmetry and the
Pseudo-SU (3) Model
The success of the SU (3) shell model for light deformed nuclei [3, 15] has led physicists to explore similar concepts in heavy deformed systems. Specifically, attention
has been directed to the well-deformed rotational nuclei of the rare-earth and actinide regions. It is the purpose of this chapter to describe the conditions under
which we arrive at a model capable to describe heavy deformed systems, namely,
the pseudo-SU (3) model.
The three-dimensional isotropic harmonic oscillator, H0 , with eigenvalue n~ω
where n is the shell number, augmented with the one-body l.s and l 2 interactions,
H = H0 + Cl.s + Dl2 ,

(3.1)

is known to be a good approximation for the nuclear single-particle Hamiltonian
[1]. The l2 term (D < 0) pushes high angular momentum states down relative
to those with lower l values, a feature that occurs automatically when a Woods Saxon form is used for the central potential, while the phenomenological l.s term
(C < 0), which couples space and spin degrees of freedom, is required to achieve shell
closures at the magic nucleon numbers 2, 8, 20, 50, 82, 126 and 184. Unfortunately,
the required value for C is so large that the spin-orbit term completely destroys
the underlying SU (3) symmetry of the oscillator for all but light (A < 28) nuclei,
thereby making it useless in attempts at unraveling the structure of heavy (A > 100)
systems. Specifically, for heavy nuclei the j = η + 1/2 orbital of the η-th oscillator
shell (η = 0, 1, ...) which includes levels with j = l ± 1/2 with l = η, η − 2, ..., 1 or 0,
is pushed down among the orbitals of the next lower shell and becomes part of the
core (this orbital is called a defector level). This yields new shells with normal parity
j = 1/2, 3/2, ..., η − 1/2 orbitals plus a j = (η + 1) + 1/2 = η + 3/2 unique-parity
level (also called intruder level) from the η + 1-th shell immediately above.
In this chapter, it is shown that this seemingly unfavorable situation gives
way to a much more favorable one because for heavy nuclei C ≈ 4D or the Nilsson
parameter µ = 2D/C ≈ 0.5. First of all, this condition insures that at the 0~ω level
pseudo-spin is a good symmetry because the level splitting generated by the l.s and
l2 interactions can be duplicated by a pseudo-oscillator Hamiltonian plus a pseudo
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l2 interaction, with at most a very small breaking of the pseudo-spin symmetry
by a pseudo l.s term [45, 46]. Since common residual interactions are pseudo-spin
scalar operators, a many-particle pseudo-LS coupled shell-model scheme can be
employed, and the basis truncated to leading pseudo-spin symmetries, without loss
of important physics. Furthermore, the pseudo LS scheme extends to pseudo-SU (3)
when deformation dominates [12].

3.1

Pseudo-Spin Symmetry

In the single-particle picture, the pseudo-spin concept means a division of the total
particle angular momentum into pseudo (j = l̃ + s̃) 1 rather than normal (j = l + s)
orbital and spin parts, so ˜l ± 12 = l ∓ 21 . A straightforward way to gain an immediate
appreciation for the simplicity and significance of the pseudo-spin concept [45, 46]
is shown in Figure 3.1 where eigenvalues of H are plotted as a function of the
Nilsson parameter µ = 2D/C. For the special value µ = 0.5, the orbital pairs with
j = l + 1/2 and j = (l + 2) − 1/2 are degenerate for all l values. Furthermore,
the splitting of these pairs follows a ˜l(˜l + 1) rule where ˜l is the average l value of
the pair, ˜l = (l + (l + 2))/2 = l + 1. This mapping of the (ls)j coupled singleparticle states onto (˜ls̃)j pairs can be expressed as a special “normal → pseudo”
unitary transformation [48, 49] which takes the quantum numbers η, l, s and j into
the pseudo partners, j̃ = ˜l + s̃, where j̃ = j, ˜l = l + 1, η̃ = η − 1 and s̃ = 12 ,
E
η̃(˜l, s̃)j̃ m̃ = Uηjm,η̃ j̃m̃ (l, ˜l) |η(l, s)j, mi ,
(3.2)
and Uηjm,η̃ j̃m̃ (l, ˜l) is simply a relabeling of the basis states that associates all levels
of the η-th shell, except the defector with j = η + 21 , with levels of the η̃-th shell of
a “pseudo” oscillator, η̃ = η − 1. This unitary transformation can be written in the
following label-independent operator form:
Uηjm,η̃ j̃m̃ (l, ˜l) = 2(η.ξ + 2l.s + 3)−1/2 (ξ.s),

(3.3)

where η creates while ξ annihilates oscillator quanta, and l and s are the singleparticle orbital angular momentum and spin operators, respectively. The structure
of the unitary pseudo-spin transformation has been extensively investigated during
the years [50].
The single-particle Hamiltonian transforms under this mapping as follows:
H0 + Cl.s + Dl

2

← normal − −
− − − − − − −−
− − pseudo →

H̃0 + (4D − C)˜l.s̃ + D˜l2 + (~ω + 2D − C)

(3.4)
2
2
˜
˜
where H0 = ñ~ω̃ = (n − 1)~ω̃, l.s̃ = −(l.s + 1) and l = l + 4l.s + 2. Since the
term (~ω + 2D − C) is a constant, the pseudo form H̃ = H̃0 + (4D − C)˜l.s̃ + D˜l2
1

From now on we will write a tilde over a quantity to denote its pseudo realization.
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H
Figure 3.1: Eigenvalues of the single-particle Hamiltonian ~ω
= η − κ(2l.s + µl2 ),
2D
C
1 −1/3
where µ = C and κ = − 2~ω ≈ 4 A
, for the specific value κ = 0.05 and 0.0 ≤
µ ≤ 1.0 Each pseudo shell is accompanied by a unique-parity intruder level (dashed
lines) with j = η + 23 from the shell above (Taken from [47]).

has the same excitation spectrum as the normal one, H = H0 + Cl.s + Dl2 , when
~ω̃ = ~ω, C̃ = (4D − C) and D̃ = D. This transformation is meaningful because
C ≈ 4D so C̃ = 0. Specifically, as indicated in the figure, µπ ≈ 0.6 and µν ≈ 0.4
(π for protons and ν for neutrons). This places heavy nuclei very close to the exact
pseudo-spin limit (µ = 0.5) of the theory [51]. In particular, the average value for µ
is exactly 0.5. The familiar single-particle shell-model Hamiltonian for heavy nuclei
can therefore be replaced by a less familiar but equivalent pseudo form which is
inherently simpler because it has a much smaller spin-orbit term.

3.2

Relativistic Mean-Field Results

The pseudo-spin concept may be better understood by comparing an intuitive result
for the parameter D with relativistic nuclear mean-field predictions for the parameter C. Starting with the usual Dirac equation (with only the time component of
the scalar and vector potentials taken into account) and using a nonrelativistic re31

duction of the relativistic mean-field theory, the spin-orbit interaction potential can
be expressed as

1
~2 2 d 
Vls =
l.s,
(3.5)
2M r dr 1 − B ρρ0

where the parameters ρ and ρ0 are the nucleon density at radius r and the nuclear
matter density. In the simplest version of the theory, the dimensionless quantity
B = 21 (Bs + Bv ), with its scalar (i=s) and vector (i=v) components given by Bi =
gi2 ρ0
,
µ2i M c2

where µi and gi denote meson masses and coupling constants, respectively.
The spin-orbit strength, C, can be obtained by averaging Vls over the region inside
the nucleon radius R as
−~2 1 − B
.
(3.6)
C=
2M R 3B
vanishes everywhere, except near the
In determining this result, the fact that dρ
dr
surface of the nucleus, has been used.
To find an estimate for the strength of the orbit-orbit interaction, one can
use the fact that the origin of the l2 term lies in the flatness of the mean field in
the interior region as compared with the quadratic oscillator form used in the shell
model Hamiltonian. In the large mass limit (A → ∞) a more realistic potential is
that of a spherical well with finite depth. If this potential is replaced by one with
an infinite depth, the single-particle energies are given by
Enl =

~2
x2nl ,
2
2M R

(3.7)

where M is the nucleon mass, R is the radius of the well, and the xnl are the zeroes of
spherical Bessel functions that are approximately given by x2nl ≈ [( 12 n+1)π]2 −l(l+1).
The energy splitting thus follows an l(l + 1) rule and the orbit-orbit strength, D, is
given by
~2
D=−
.
(3.8)
2M R2
With the estimates for C and D that were obtained, µ can be approximated by the
ratio
2D
1−B
µ=
=
,
(3.9)
C
3B
which is independent of the mass number.
Using estimates for B derived in the Nambu Jona-Lasinio model [52] which
starts with massless quarks and generates the hadron masses by spontaneous symmetry breaking, gives µ = 0.686. Also, other microscopic models like the Walecka
model [53] and a derivative coupling model due to Zimanyi and Moszkowski [54],
that give µ = 0.447 and 0.635 respectively, yield reasonable results for µ. The
pseudo-spin symmetry thus appears to be a feature of the nuclear interaction that
can also be seen on a more fundamental level.
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3.3

Pseudo-SU (3) Shell Model

A consequence of good pseudo-spin symmetry is that a L̃S̃-coupling scheme (with
distinct S̃ multiplets that are decoupled and ordered) is expected to be a good
starting point for describing many-particle phenomena in heavy nuclei. The Ñ particle valence spaces (where Ñ = Ñπ for protons and Ñ = Ñν for neutrons, which
occupy different major shells) divide into subspaces: S̃ = 0, 1, 2, 3, ..., S̃max for Ñ
even or S̃ = 21 , 32 , 52 , ..., S̃max for Ñ odd with S̃max = min( Ñ2 , Ω̃ − Ñ2 ) where Ω̃ =
(η̃+1)(η̃+2)
is the pseudo-shell degeneracy.
2
E The proton - neutron L̃S̃-coupled states


J
ΨJ = (α̃π L̃π , α̃ν L̃ν )L̃ ⊗ (S̃π , S̃ν )S̃
(α̃ labeling L̃ multiplicity) with S̃π = S̃πmin ,
S̃ν = S̃νmin and S̃ = S̃min = |S̃πmin − S̃νmin | are expected to dominate, because realistic
interactions favor pseudo-space symmetric (pseudo-spin antisymmetric) configurations.
This truncation to the lowest S̃π , S̃ν and S̃ is usually insufficient to reduce
the model space to a reasonable and workable size. Fortunately, another symmetry
for strongly deformed nuclei can be invoked to effect a further truncation. Just
as for light nuclei, pseudo-SU (3) of the pseudo oscillator which lies between Ũ (Ω̃)
gL (3) can be used to organize the states within each S̃ multiplet according
and SO
to their deformation [3, 15]. In this case the deformation is realized in terms of
the pseudo (not normal) space symmetry. Nonetheless, this gives rise to strongly
enhanced B(E2) transition strengths because the electric quadrupole operators Q̃
and Q are known to differ very little from one another [37]. This way, we finally
arrive at a theory (the pseudo-SU (3) model) which has the same advantages as the
Elliott’s SU (3) model for light nuclei.

3.4

Pseudo-SU (3) Model Framework for Rare-Earth
and Actinide Nuclei

In rare-earth and actinide nuclei, the valence protons π and valence neutrons ν fill
different major shells. Thus, for a given nucleus, there are two open shells, one for
protons and one for neutrons, each of them comprised of a set of normal-parity levels
and the associated unique-parity level. The normal-parity space is partitioned into
irreps of pseudo SU (3) and the unique-parity space is spanned by configurations
of identical particles in a single j shell. Since, in a restricted space like a single j
shell, the pairing part of the residual interaction tends to dominate, the seniority
coupling scheme is appropriate for a description of the unique-parity configurations.
If the π − ν interaction is of the quadrupole-quadrupole (Q.Q) type then the yrast
states are approximated well by strong-coupled SU (3) wavefunctions. In a previous
study it was shown that this is true even if the π − π and ν − ν interactions are very
different from the Q.Q type [55].
If these assumptions are valid then the low-energy structure of the normalparity part of the space will be dominated by a few irreps of pseudo SU (3). In the
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unique-parity parts of the proton and neutron shells, we expect the configurations
with low seniority to be the most important ones. Arrangements with high seniority
are not favored because the pairing gap is large as compared to the spacing of
low-lying rotational levels. The strong-coupled normal-parity states, |N JN MN i, are
coupled to the unique-parity basis states, |U JU MU i, to yield states of good total
angular momentum,
|JM i ≡ {|N JN i ⊗ |U JU i}JM .
(3.10)

Here, {−}JM denotes angular momentum coupling.
Now we will write down explicitly the group theoretical structure of the normaland unique-parity spaces. This gives a complete labelling scheme for basis states of
the model. The many-particle states of N nucleons in a shell of dimension Ω are
characterized by the totally antisymmetric irrep of a unitary group of dimension Ω,
that is,
U
 (Ω)

1N

←
←

group symbol,
irrep label.

(3.11)

This group can be reduced to a direct sum of two unitary groups associated with
the normal- and unique-parity spaces,
U
 (Ω)

1N

→ U (ΩN)
1 nN

+ U (ΩU )
1 nU .

(3.12)

The quantum numbers nN and nU denote the number of nucleons in the normaland unique-parity spaces, respectively. These satisfy the inequalities
0 ≤ nN ≤ N,

0 ≤ nU ≤ N,

N = n N + nU .

(3.13)

Normally, only the normal- and unique-parity spaces associated with the most probable values of nN and nU are considered and these are determined from the appropriate Nilsson diagrams; see Fig. 3.2. Each level is filled with a pair of protons
(neutrons) in order of increasing energy. For well-deformed nuclei a value of the
deformation  ∼ 0.25 is considered appropriate. This can be checked by confirming that it yields the greatest binding energy as compared to configurations with
(nN ± 2, nU ∓ 2) when a realistic Hamiltonian is diagonalized.
In the rare-earth region, the normal-parity spaces are built by single-particle
orbits of the pseudo-harmonic oscillator shells Ñ = 3 (protons) and Ñ = 4 (neutrons). The corresponding intruder levels are the h11/2 and i13/2 , respectively. For
the actinide nuclei, the single-particle orbits of the Ñ = 4 (protons) and Ñ = 5
oscillator shells form the normal-parity proton and neutron subspaces and the intruder levels are i13/2 and j15/2 , respectively. The dimensions of these spaces are
given by
Ωπ = 32
Ωπ = 44

ΩπN = 20
ΩπN = 30
34

ΩπU = 12,
ΩπU = 14,

(3.14)
(3.15)

Figure 3.2: Nilsson diagrams for rare-earth and actinide nuclei. a) Level scheme for
the N = 4 proton shell, b) for the N = 5 proton shell, c) for the N = 5 neutron
shell, d) for the N = 6 neutron shell (Taken from [56]).
for the rare-earth and
Ωπ = 44
Ωπ = 58

ΩπN = 30
ΩπN = 42

ΩπU = 14,
ΩπU = 16,

(3.16)
(3.17)

for the actinide nuclei. Here and until the end of the section, the tilde on symbols
referring to pseudo-shell labels will be omitted when its presence can be inferred
from context.
If the most probable occupancy of the normal- and unique-parity spaces is
given,
Nσ = nσN + nσU ,
(3.18)
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where σ is π or ν for protons and neutrons, respectively, the basis states are specified
in terms of the group chains
U(ΩσN ) → U (ΩσN /2) ⊗ U (2) → SU (3) ⊗ SU (2) → O(3) ⊗ SU (2) → SU (2)
,
σ
1 nN
{fσ }
{f˜σ } ασ (λσ , µσ ) Sσ
κσ L σ
JNσ
σ
σ
U
) → Sp(Ω
U
U
 (Ω


 ) → O(3)
σ
.
nU
νσ
1
1
βσ JUσ

(3.19)

As in Eqs. (3.11) and (3.12) above, underneath each group the quantum
numbers that characterize its irreps are given. The indices α, κ, and β are multiplicity labels of the indicated reductions. Note that the decomposition of U (ΩN )
into U (ΩN /2) ⊗ U (2) is a factorization of the normal-parity space into orbital and
spin degrees of freedom. This is an LS-coupling scheme. The unique-parity space,
on the other hand, is a single j shell so a jj-coupled geometry is appropriate. As
shown, the seniority quantum number of that space is an irrep label of the symplectic group, Sp(ΩU ). Of course, O(3) is the orbital angular momentum group and the
final SU (2) refers to the total angular momentum.
As it has been the case for almost all pseudo-SU (3) studies to date 2 , the
intruder level with opposite parity in each major shell has been removed from active
consideration and its role considered implicitly. The nucleons in these levels are
taken to renormalize the dynamics that is described using only nucleons in normalparity states - a choice reflected, for example, through the use of effective charges to
describe quadrupole electromagnetic transitions that are larger than those usually
employed in shell-model calculations. With this restriction in mind, the pseudoSU (3) strong coupled basis states are given by
|fπ (λπ , µπ ), fν (λν , µν ); ρ(λ, µ)κJM i =
X
h(λπ , µπ )κπ Lπ ; (λν , µν )κν Lν k(λ, µ)κJiρ
κπ ,κν ,Lπ ,Lν



J
|{fπ }(λπ , µπ )κπ Lπ i ⊗ |{fν }(λν , µν )κν Lν i M .

(3.20)

In Eq. (3.20) h−; −k−iρ is a reduced SU (3) ⊃ SO(3) coupling coefficient and as in
 J
Eq. (3.10), − M denotes angular momentum coupling.
Initially, the pseudo-SU (3) model calculations have been done with highly
schematic interactions [37, 56]. The development of a computer code that is able to
calculate reduced matrix elements for any type of physical operator between different
SU (3) irreps [57] has made it possible to include realistic SU (3) symmetry breaking
terms, like the pairing interaction, in SU (3)-model Hamiltonians. Indeed, results
using this code show that the pairing interaction is closely tied to the development of
triaxiality in strongly deformed systems [36, 38, 58]. Furthermore, complete model
space calculations in the fp shell [59, 60] show that a very good description of the
low-energy spectra can be obtained when the Hilbert space is truncated, albeit not
2

One exception, for example, is the study performed within the framework of a toy model [5]
on the role of the intruder levels for the dynamics of a nuclear system.
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so severely, following the same logic as used in the ds-shell, namely, a dominance of
the quadrupole-quadrupole interaction. These same calculations also showed that
the pairing interaction is critical for a correct description of the moments of inertia.
During the last decade, two approaches of using realistic Hamiltonians have
been followed in the applications of the pseudo-SU (3) model. The first type of studies has focused on a Hamiltonian that is built from SU (3) generators plus residual
interactions [61, 62, 63] and has the form
H = HSU (3) + Hint
= −(a2 + asym )C2 + a3 C3 + bKJ2 + cJ 2
X
X
+ Dπ
li2π + Dν
li2ν − Gπ HPπ − Gν HPν .
iπ

(3.21)

iν

This Hamiltonian was very successful in describing low-energy structure of heavy
deformed nuclei. Furthermore, the model was successful in explaining the scissors
mode and served to introduce a new oscillation mode, called twist mode [64]. In
order to describe the fragmentation in the M 1 strength distribution, a residual
interaction was included to generate configuration mixing. In the pure SU (3) limit
of the theory the model predicts at most four M 1 transitions from the ground
state 0+ of even-even nuclei, while the experimental situations show that there
may be more such transitions. By introducing proton and neutron single-particle
energies and pairing interactions as residual terms in the Hamiltonian, and fitting
their interaction strengths to reproduce the low-energy spectra, a good reproduction
of the fragmentation in the M 1 distribution was obtained [61, 62]. Unfortunately,
this procedure yielded an apparent lack of consistency in choices for Hamiltonian
parameters.
In most recent works [65, 66, 67], this lack of consistency in the choice of
parameters was removed by reconsidering the structure of the Hamiltonian and by
studying the effect of some interactions in the presence of the others. The Hamiltonian that was used was of the form
χ
π
ν
H = Hsp
+ Hsp
− Q.Q − Gπ HPπ − Gν HPν
2
2
2
+ aJ + bKJ + a3 C3 + asym C2 .
(3.22)
The main idea in these studies was to fix the strength of the proton and neutron single-particle energies, quadrupole-quadrupole and pairing interactions and to
consider the other parameters only as fine tuning. This idea is supported by the
observation that the correct band structure is already formed by considering only
the first five terms mentioned above. This can be considered a great result having in mind that only Q.Q is part of the SU (3) model and single-particle energies
and pairing interactions are associated with destroying the SU (3) symmetry. It
was found that considering single-particle energies with Nilsson parameters [22] in a
Q.Q Hamiltonian does not destroy the SU (3) structure. It does introduce a strong
mixing but the SU (3) band structure is maintained.
As a result of these developments, a very powerful shell-model theory for
the description of normal-parity states in heavy deformed nuclei has emerged. In
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case that only normal-parity configurations with the highest spatial symmetry (and
Sπ,ν = 0 or 12 for even or odd number of nucleons, respectively), have been taken
into consideration, a successful description of up to four low-lying bands [62, 65, 68]
has not been a problem. Adding more spatial configurations (those with Sπ,ν = 1 or
3
for even or odd number of nucleons) allowed the description of up to nine bands
2
[67, 69].
The matrix elements of the Hamiltonian in the pseudo-SU (3) model are still
calculated using Eq. (2.83), introduced in Chapter 2. It should be noted though
that some of the terms in the Hamiltonian may need a rescaling of their parameters
in order to reflect the effect of the pseudo-spin transformation on the corresponding
operator (as it is the case for the Q.Q operator that we will comment in detail later).

3.5

Electromagnetic Transition Operators in the
Pseudo-SU (3) Model

Similar to Chapter 2, we conlude this chapter by giving the form of the electromagnetic transition operators used in the pseudo-SU (3) model. Starting from the
definition of these operators given in Eq. (2.86), namely:
r
X
3
1
Tµ (M ) =
µN
{gσo Lσµ + gσs Sµσ },
4π
σ
r
X
5 2
2
b
eσ QσM ,
(3.23)
TM
(E) =
16π 0 σ
and employing the pseudo-SU (3) tensorial expressions for the orbital and spin angular momentum operators and that of the quadrupole operator (see Eq. (D.5) from
Appendix D), the transition operators can be written as
X
TMJ00 (σ)
TMJ00 =
σ=π,ν

=

X

AJ0 CtJ0 (η̃; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 )

σ

(λ˜ ,µ˜0 );S˜0 ,J0
,
M0
0 0

×{a†(η˜σ ,0)1/2 ⊗ a†(0,η˜σ ),1/2 }κ˜ 0L˜

(3.24)

where
3
µN ,
4π
r
5 2
b ,
=
16π 0
r
105
=
µN b20 ,
16π

A1 =
A2
A3

r

38

(3.25)

and the tensor expansion coefficients can be evaluated using Eq. (D.6) from Appendix D.
From Eq. (3.23) we see immediately that the tensorial coefficients for the
magnetic dipole transition operator can be written as
Ct1 (η˜σ ; λ˜0 , µ˜0 , κ˜0 , L˜0 , S˜0 ) =

gσo Cl1 (η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 )
+gσs Cs1 (η˜σ ; λ˜0 , µ˜0 , κ˜0 , L˜0 , S˜0 ),

(3.26)

where Cl1 and Cs1 are the coefficients of the orbital and spin angular momenta, respectively. To calculate these two coefficients, we need to calculate first the reduced
matrix elements of l and s with respect to the single-particle states (see Eq. (2.88))
and then substitute the result in the Eq. (D.5) derived in Appendix D. The result
is
Cl1 (η̃; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ) =


 1
l 2 j 
[2(2l + 1)l(l + 1)/(2j + 1)]1/2 χ l 12 j 0


l j,j 0
1 0 1
B 1 (j, j 0 , ˜l, l˜0 ; η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ),
XX

(3.27)

Cs1 (η̃; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ) =

 1

l
j


XX
2
1/2
1
0
j
l
[(3/2)(2l + 1)/(2j + 1)] χ

 2
l j,j 0
0 1 1
B 1 (j, j 0 , ˜l, l˜0 ; η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ),

(3.28)

where the abbreviation,
B 1 (j, j 0 , ˜l, l˜0 ; η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ) =


s
1
˜l
j

2
2j + 1
(−1)η
χ l˜0 1 j 0 h(η̃, 0)˜l; (0, η̃)l˜0 k(λ˜0 , µ˜0 )κ˜0 L̃0 i,

2j0 + 1  ˜ ˜2
L 0 S0 1

(3.29)

has been used.
The tensorial coefficients for the electric quadrupole transition operator are
given by
Ct2 (η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ) = eσ Cq2 (η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ),
(3.30)
where the expression for the Cq2 coefficient is:
Cq2 (η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ) =
XX
[8(2l + 1)C2 (ησ , 0)/(2j + 1)]1/2 h(ησ , 0)l0 ; (1, 1)12k(ησ , 0)li
l,l0

j,j 0


 1
l 2 j 
χ l 12 j 0 B 2 (j, j 0 , ˜l, l˜0 ; η˜σ ; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ).


2 0 2
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(3.31)

Finally, it should be noted that if the tilde is removed from the quantum labels and
the symmetry and orthogonality properties of the unitary 9j and SU (3) ⊃ SO(3)
coupling coefficients are used, one will recover the tensor coefficients given in Eq.
(2.89) for the normal case.
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Chapter 4
Shell-Model Calculations for
Upper fp-shell Nuclei
While the models presented in Chapters 2 and 3 were very successful for the description of a variety of characterisics of ds-shell nuclei and rare-earth/actinide species,
respectively, a similar approach has never been used for the nuclei in the region
between these two, namely, the nuclei of the fp shell. For the lower fp-shell (nuclei
like 44 Ti, 48 Cr), it is known that the SU(3) symmetry is broken by the spin-orbit
interaction [70]. Despite some earlier results [45, 71] on the pseudo-SU(3) quality
for the upper-fp nuclei, the use of pseudo-SU(3)-symmetry-based models has never
been justified.
In this chapter, we perform calculations using realistic interactions in a model
space including the upper fp-shell plus the intruder g9/2 level and further discuss
to what extent the results favor the introduction of a symmetry-adapted model
that is our ultimate goal. This is done by exploration of several nuclear observables, namely, the low-lying energy spectra, B(E2) transition strengths and the
single-particle occupancy. Moreover, the pseudo-SU(3) symmetry of the low-lying
eigenstates is examined by calculating the spectral distribution of the second order
Casimir invariant of pseudo-SU (3).
As a result of this study, we conclude that although not of the same quality
as the one found in heavier rare-earth nuclear systems, reasonably good pseudoSU (3) symmetry is observed primarily in the vicinity of the N=Z line. Specifically,
many of the low-lying eigenstates for these isotopes are described at the level of
50% up to 60% by using only the leading irrep. Adding a reasonable number of
adjacent in C2 value irreps can improve the overlap to 70% and even 80%. Even
though this kind of dominance tends to disappear away from the N=Z line and also
diminishes with growing mass number A along it, in these heavier isotopes an effect
of clusterization is observed which still allows one to build a truncated space, using
only 2-3 irreducible (although not necessarily the first 2-3 in the order of decreasing
C2 value) irreps and achieve similar truncation effect. This, along with the fact that
only some of the configurations contribute significantly to the correct description of
the studied physical quantities, serves as a sufficient proof for the introduction and
use of a pseudo-SU(3) based model.
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4.1

Upper fp-shell Nuclei and Methods for Their
Study

Upper fp-shell nuclei are interesting systems which have received a lot of attention
for dozens of reasons over the years. Some of them actively participate in the
processes of nucleosynthesis, more specifically, in the rapid proton capture - a fast
process responsible for energy production and element synthesis in x-ray binary
stellar systems. In addition, N=Z systems from this region are the preferred source
of information on the competition between the isovector (T = 1) and the isoscalar
(T = 0) pairing terms. These are transitional nuclei with competitive pairing and
quadrupole-quadrupole modes. The region also allows the study of long chains of
isotopes (isotones). Finally, these nuclei are known to come in variety of shapes and
even to display shape coexistence effects [72, 73].
From computational point of view, these systems are attractive, since the
upper-fp shell is the lightest domain where the intruder levels penetrate into the
lower-lying shell. Model spaces are still of reasonable size, so full-space calculations
are feasible, even though sometimes at the limit of today’s computational capabilities. For these reasons, the region seems the most appropriate one for a first
attempt to probe an extended SU(3) model with active intruder levels and learn
valuable lessons during the process needed for its future development elsewhere.
Currently, shell-model calculations in the full fp shell are doable, but adding
the g9/2 intruder level to the active configuration space takes one beyond the computational reach provided by even the best of modern day supercomputers. Because
of this, researchers have focused their attention on the addition of the intruder level
to the upper-fp shell, which is the fp shell less its lowest-lying f7/2 orbital. This
choice is supported whenever the lowest-lying f7/2 level may be considered inactive
and part of an inert core. Although, in principle, an effective field theory should be
able to provide an interaction in any subspace of the full Hilbert space, there are
still only a few interactions for this choice of model space and some of them are just
phenomenological [72, 74, 75]. Calculations involving two adjacent shells are even
further out of reach, being performed only for the lower-lying combination of the ds
and f p shells [76].
Various shell-model computer codes have been developed over the years. Some
of them use a basis of good J values, others - of good MJ values. Some of these
codes are capable of solving a matrix on the order of 108 and even pushed up to
109 [77], others have more modest capabilities [78]. In our calculations we used the
so-called Glasgow code [78], developed in the early eighties, which uses a basis of
good MJ values. This code allowed us to perform calculations in model spaces up
to ≈ 106 . Although about 3 orders down from the best of today’s achievements,
this code was adequate for our needs. As with any tool for large scale calculations,
the code should have an effective method for solving the eigenvalue problem. One
such method is the Lanczos algorithm.
The Lanczos algorithm is an effective scheme for obtaining a small number of
eigenvectors corresponding to the lowest or highest eigenvalues [79, 80]. It has been
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applied successfully to spatial dimensions on the order of 106 and even pushed up
to 108 [81]. This algorithm is a simple and very efficient method to build a basis of
the Hilbert space associated with an eigenvalue problem for an operator H. In its
simplest form, one starts with a trial state and applies H over and over to generate
new states; the process can be applied as many times as desired. This way one
generates an orthonormal basis in which the corresponding matrix of the operator
is tri-diagonal. The method is recursive and could be used in numerical, as well as
in analytical calculations [82]. For the calculations in nuclei, a numerical matrix
realization has been more suitable due to the Fock representation of the states.
Our task is to see to what extent a symmetry-adapted model can be relevant
and useful for a description of the upper fp-shell nuclei. Although the energy spectra
of interest are not typically highly rotational in nature, various theoretical predictions report on reasonably high values for B(E2) transition strengths which suggest
such collectivity. This has been confirmed to some extent by recent experiments
[83, 84, 85, 86] .
To benchmark the benefit of the SU(3) scheme in this region (pseudo-SU(3)
for the upper-f p shell and normal SU(3) for the g9/2 configurations extended to
the full gds shell), we first generated results in a standard m-scheme representation for a group of N ≈ Z upper-fp shell nuclei with valence nucleons distributed
across the p1/2 , p3/2 , f5/2 , g9/2 model space with the f7/2 level considered to be fully
occupied and part of a 56 Ni core. The Hamiltonian we used is a G-matrix with a
phenomenologically adjusted monopole part [87, 88, 89] that in many cases describes
the experimental energies reasonably well. Specifically, this upper-f p + g9/2 shell interaction was succesfully used in the past to obtain quite good results for nuclei like
62
Ga [85], 76 Ge and 82 Se [87]. Later, it was applied for exploring the pseudo-SU(4)
symmetry in the region from the beginning of the upper fp-shell up to N = 30 and
for describing related beta decays [90].

4.2

Energy Spectra, Single-Particle Occupation
Numbers and B(E2) Transition Strengths

We choose to work with both odd-odd and even-even nuclei. As a whole, the realistic
interaction gives very reasonable results for many of the upper fp-shell nuclei. It
turns out to be successful beyond the nuclei for which it was designed to be used
(58 Cu, 60 Ni, 62 Ga, 60 Zn). Specifically, reasonably good results for 58,62,64,66 Ni, 60 Cu,
62,64
Zn have been also obtained. Moreover, the renormalized interaction in the
smaller pf5/2 space produces similar spectra, which makes it a valuable tool in the
evaluation of the symmetry properties of these nuclei.
Unfortunately, there is no universal interaction for this model space such as, for
example, the Kuo-Brown-3 interaction [91] for lower fp-shell nuclei, or the Wildenthal interaction [92] for the ds shell. Indeed, the use of the pf5/2 g9/2 interaction
sometimes leads to deviations from the experimental spectra, which for the oddodd species happens very soon along the Cu and Ga isotope chain. An example
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Figure 4.1: Calculated low-energy spectra of 58 Cu in the full pf5/2 g9/2 (magenta)
and pf5/2 (green) model spaces compared to experimental results (black).
of such deviations is the shifting of the spin value for the ground state. The only
isotope chain we are able to describe well consists of the zinc isotopes 60 Zn, 62 Zn,
64
Zn. Nevertheless, as we will see below, this partial success turns out to be quite
rewarding.
In this study, we will focus on a description of the N=Z nuclei. The first
spectrum is for the odd-odd 58 Cu (Fig. 4.1) nucleus. This is an interesting nucleus
since it is the only odd-odd N=Z isotope which has a ground state with isospin
T = 0. In other nuclei it is T = 1. There is relatively little recent experimental
information on the B(E2) transition strengths. What is available is shown in Table
4.1 where it is compared with the realistic predictions, obtained with the value
for the effective charge of eef f = 0.5. The results suggest that theory does not
appropriately take account of some core polarization effects as it underestimates the
values for these transitions.
Next we consider results for the odd-odd nucleus 62 Ga. In this case the theoretical spectrum is close in character and agrees with experiment (Fig. 4.2). The
+
only experimental information on B(E2) strengths is for the transition 3+
1 → 11
+
+
2
4
which has a value of B(E2; 31 → 11 )=197(69) e f m [85] which agrees with our
theoretical prediction (Table 4.2). This suggests that the core polarization effects
referred to above in the 58 Cu case seem to no longer be an issue for this nucleus.
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Table 4.1: B(E2) transition strengths for
from [83] and [84].

Ji , T i

Jf , T f

31 , 0
12 , 0
21 , 0
22 , 1
21 , 0
22 , 1

11 , 0
11 , 0
11 , 0
11 , 1
01 , 1
01 , 1

58

B(E2 ; Ji → Jf )
[e2 f m4 ]
Exp
pf5/2 pf5/2 g9/2
101(18) 39.628 39.602
−
48.388 48.904
−
34.359 33.621
< 60
5.636
5.774
−
0.461
0.562
122(47) 39.941 38.737

Table 4.2: B(E2) transition strengths for
from [85].

Ji , T i

Jf , T f

21 , 1
22 , 0
31 , 0
21 , 1
22 , 0

01 , 1
01 , 1
11 , 0
11 , 0
11 , 0

62

B(E2 ; Ji → Jf )
[e2 f m4 ]
pf5/2 pf5/2 g9/2
195.39 188.79
0.04
0.017
141.14 141.18
0.091
0.035
4.606
8.74

Cu in units of [e2 f m4 ]. Data is taken

Ji , T i

Jf , T f

12 , 0
21 , 0
22 , 1
21 , 0
22 , 1
22 , 1

31 , 0
31 , 0
31 , 0
12 , 0
12 , 0
21 , 0

B(E2 ; Ji → Jf )
[e2 f m4 ]
Exp pf5/2 pf5/2 g9/2
−
1.588
1.583
−
19.123 19.019
2+9
2.161
2.213
−2
−
31.58
30.826
−
2.179
2.31
−
1.964
1.938

Ga in units of [e2 f m4 ]. Data is taken

Ji , T i

Jf , T f

31 , 0
21 , 1
22 , 0
21 , 1
22 , 0

11 , 0
12 , 0
12 , 0
31 , 0
31 , 0

B(E2 ; Ji → Jf )
[e2 f m4 ]
pf5/2 pf5/2 g9/2
32.701 24.745
0.458
0.359
182.89 175.79
0.712
0.749
12.856 13.018

The low-energy bands in the even-even nuclei 60 Zn and 64 Ge are shown in
Fig. 4.3 and 4.4. The description is reasonable for the g.s. band in 60 Zn and the
g.s. and the gamma bands in 64 Ge. Also, the existence of a possible beta (K=0)
band is predicted in 64 Ge. Experimental data on B(E2) transition strengths are even
more scarce for these nuclei. There is no experimental information for the transition
strengths for 60 Zn and for 64 Ge some results are given in [86].
Calculations with different cuts of the full model space were done in order to
evaluate the relative importance of various configurations for describing essential
nuclear characteristics. Results from the examination of the low-energy spectrum
(Fig. 4.5) and the B(E2) transition strengths (Table 4.3) for 64 Ge suggest that by
taking all configurations with up to 2 protons and 2 neutrons for a total of 4 particles
in the g9/2 level one is able to very closely reproduce the full-model results.
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Figure 4.2: Calculated low-energy spectra of 62 Ga in the full pf5/2 g9/2 (magenta)
and pf5/2 (green) model spaces compared to experimental results (black).
The occupancy of the single-particle levels was also estimated in various model
spaces. In Fig. 4.6, a comparison is made between the occupancies for 64 Ge as
determined in a restricted basis, where at most two particles (protons/neutrons) are
allowed in the g9/2 level, and the full-space resuls. The upper (yellow) bars show
the contribution to occupations from basis states with an occupied intruder level
while the lower (blue) portion represents those where the intruder level is empty.
The calculated results suggest that the occupancy probability for the intruder level
is approximately 0.3 particles for the low-lying states of 64 Ge. Calculations with no
particles allowed in the intruder level, or with just one identical-particle (or protonneutron) pair (Fig. 4.6 (a) and (b)), cannot describe either its occupancy or the
gradual change in the occupancy of the single-particle levels in the ground-state
(g.s.) band that is found in the full-model-space results. However, using a restricted
space with at most two identical particles occupying the intruder level (in Fig. 4.6
(e)) is sufficient to describe both features. Similar results were observed for the
K = 2+ band of this nucleus, and a comparison between the outcome within the full
and a restricted model space is presented in Fig. 4.7. As expected, calculations for
68
Se performed in a truncated basis with at most 2 nucleons allowed in the intruder
level produce a slighlty higher g9/2 occupancy compared to 64 Ge. These are given
in Fig. 4.8.
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Table 4.3: B(E2) transition strengths between the low-lying states in 64 Ge in units of
[e2 f m4 ] calculated in different truncated spaces. The labels TPN for each restrictedspace calculation have the same meaning as the ones in Fig. 4.5.
transition
21 → 0
22 → 0
22 → 2 1
02 → 2 1
02 → 2 2
31 → 2 1
31 → 2 2
41 → 2 1
41 → 2 2
41 → 3 1

000
223.18
6.51
334.69
41.09
310.06
9.12
317.61
218.72
93.95
21.89

211
236.96
1.09
337.37
53.87
254.18
1.18
334.37
276.60
49.96
37.79

222
252.75
1.17
255.26
50.22
171.08
2.75
354.63
338.09
5.96
69.88

48

422
254.09
1.27
248.21
43.6
163.69
3.05
356.75
341.47
3.91
75.77

full
253.94
1.42
241.41
38.95
157.49
3.40
357.79
342.51
2.73
79.57

pf5/2
257.22
1.99
251.68
52.92
161.00
4.21
371.15
332.54
9.81
45.47

Figure 4.6: Single-particle occupation numbers for eigenstates of the g.s. band of
Ge calculated in different restricted model spaces (from (a) to (e)) and the full
space (f). The labels TPN over each restricted-space calculation have the same
meaning as the ones in Fig. 4.5.
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Figure 4.7: Single-particle occupation numbers for eigenstates of the K = 2 (gamma)
band of 64 Ge in the TPN=422 restricted model space ((a) and (b)) and the full space
((c) and (d)). The labels TPN over each restricted-space calculation have the same
meaning as the ones in Fig. 4.5.

Figure 4.8: Single-particle occupation numbers for eigenstates of the g.s. band
of 68 Se calculated in different restricted model spaces. The labels TPN over each
restricted-space calculation have the same meaning as the ones in Fig. 4.5.
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4.3

Evaluation for the Goodness of the PseudoSU(3) Symmetry

The goodness of the pseudo-SU(3) symmetry in the upper fp-shell nuclei was tested
using a renormalized version of the same realistic interaction in the pf5/2 space [90].
The matrix of the second-order Casimir operator of pseudo-SU(3), C2 = 41 (3L̂2 +
Q.Q), was generated and the method of moments [78] used to diagonalize this matrix
by starting the Lanczos procedure with specific eigenvectors of the Hamiltonian for
which a pseudo-SU(3) decomposition was desired. Although the procedure provides
distributions only over the C2 values (and not over the actual (λ, µ) irreps), this
analysis is quite useful and gives valuable information about the structure of certain
eigenstates.
Results presented in Table 4.4 suggest that the symmetry is quite good for
all of the ten lowest-lying eigenstates in both odd-odd and even-even nuclei. In
particular, for most states this translates into between 60-70% contribution coming
from the leading irrep in each of these nuclei. It is quite remarkable that this is the
case in both odd-odd and even-even nuclei. Results for some Ni and other isotopes
are shown in Table 4.5 and Table 4.6, respectively.
Now we will comment in a little more detail on the pseudo-SU(3) symmetry
results for the nuclei 64 Ge and 68 Se, since these will be the object of special attention
in the last chapter. The distribution of the second order Casimir operator C2 of
pseudo-SU(3) yields contributions of about 50-60% from the leading pseudo-SU(3)
irrep in the g.s. band of 64 Ge (Fig. 4.9(a)) which suggests that the pseudo-SU(3)
symmetry is quite good. In the K = 2+ band (Fig. 4.9 (c) and (d)) this contribution
appears to be somewhat lower, ranging from approximately 37% for the 8+
2 state
to about 62% in the 3+
state.
The
analysis
also
reveals
that
using
only
five
irreps
1
which have the highest C2 value one may take account of at least 70% and up to
about 95% of the wavefunction for the states in these bands.
In the case of 68 Se, the outcome turns out to be quite similar for the states
from the g.s. band (Fig. 4.9(b)). Although the irreps with the maximal value of
C2 = 180 participate with only between about 40% and 50%, the first eleven irreps
with distinct values of λ and µ account for 88-93% of the wavefunction. In addition,
the 0+
3 state at 2.51 MeV is also dominated (64%) by irreps with the biggest C 2
value. However, other states are predicted to be highly-mixed SU(3) configurations.
This includes the 0+
2 state found at 1.05 MeV - a value very similar to the ones
reported in [72, 73] for a low-lying state of prolate shape.
The behavior away from the N=Z line was also studied by means of the Zn
chain of isotopes. In Fig. 4.10, one can see very similar behavior to that in the
transition from 64 Ge to 68 Se. Namely, instead of dominance of the leading irrep (as
is the case for 64 Ge and 60 Zn), first some fragmentation builds up (62 Zn) with part
of the contribution redistributed to other still adjacent irreps which further goes
into more distant ones (the cases of 64 Zn shown in Fig. 4.10 (c)). This behavior
cannot be simply explained by saying that certain C2 values are not allowed for
some J values. Indeed, for the J = 0 states in 68 Se the irreps (λ, µ) = (9, 3) and
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Table 4.4: Pseudo-SU (3) symmetry in low-lying states of some N = Z upper fp-shell
nuclei. The entries without any subscripts represent the contribution (in percentages) from the irrep(s) with the largest C2 value. The subscripts in the rest of the
data denote the number of irreps with distinct values of λ and µ that are needed to
achieve the indicated level of overlap with the realistic eigenstates.
J
11

58

Cu J
81.42 01

Zn
54.93
(93.67)3

J
01

01

72.65 21

11

31

89.6

12

71.99 02

21

92.55 22

22

69.07 11

32

83.96 23
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0
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31
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Ga
54.53
(73.54)3
(92.35)6
46.56
(73.62)3
40.18
(61.27)3
66.02
(86.23)3
57.5
(79.68)3
41.66
(66.38)3
72.63
(80.03)3
79.63
(85.33)3
31.55
(59.75)3
69.54
(85.38)3
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J
01

21
22
02
31
41
23
42
11
24

64

Ge
51.13
(63.33)3
(90.41)10
57.92
(73.37)3
47.01
(53.75)3
12.7
(25.02)3
62.03
(70.56)3
61.81
(81.45)3
27.42
(37.48)3
55.4
(64.49)3
0
(52.25)3
7.16
(16.07)3

J
01

21
02
41
22
03
31
23
42
11

68

Se
40.89
(72.59)7
(90.38)11
43.60
(76.53)7
11.03
(20.47)7
45.99
(79.20)7
30.30
(48.24)7
63.67
(69.96)7
0
(35.25)7
17.27
(46.10)7
0
(11.75)7
0
(44.75)7

Table 4.5: Pseudo-SU (3) symmetry in low-lying states of some Ni isotopes. Notation
is the same as in Table 4.4.
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0
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0
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0
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2.08
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Table 4.6: Pseudo-SU (3) symmetry in low-lying states of some Cu and Zn isotopes.
Notation is the same as the one in Table 4.4.
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(39.72)3
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9.11
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Figure 4.9: Pseudo-SU(3) content of the low-lying states in (a) the g.s. band of
Ge, (b) the g.s. band of 68 Se, and (c) and (d) - the K = 2+ band of 64 Ge using
the renormalized counterpart of the G-matrix realistic interaction.

64

55

Figure 4.10: Evolution of the pseudo-SU(3) symmetry away from the N=Z line
demonstrated for the isotopes of 60 Zn, 62 Zn and 64 Zn.
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(3, 9) which have C2 = 153 (the second right cluster of bars in Fig. 4.10 ) and those
with (λ, µ) = (7, 4) and (4, 7) with C2 = 126 (the fourth cluster) are not among
the allowed ones for S = 0 and the dominance. So, the small contribution may be
attributed to the higher importance of the S = 0 irreps compared to S = 1 ones
for low-lying states. However, this is not the case for higher J values and still the
contribution is suppressed for the same C2 values. It seems that the result reflects
some properties of the Hamiltonian itself and not just the character of the SU(3)
model space.
In summary, the outcome of this study has demonstrated that only part of
the configurations are relevant for the structure of the low-lying states in the upper
fp-shell nuclei. This along with the results from the pseudo-SU(3) spectral decomposition of the states establishes the validity of a SU(3)-based truncation scheme in
N ≈ Z upper fp-shell nuclei.
As for the unique-parity spaces, the so-called quasi-SU(3) concept [9, 10, 59,
60, 94] may also be applicable. This symmetry was uncovered in full fp and gds
shell-model calculations for even-even [60] and odd-even [94] nuclei. It owes its
importance to the dominance of the quadrupole-quadrupole and single-particle terms
in a Hamiltonian used to describe well-deformed nuclei. Other terms such as pairing
are crucial in determining the observed moments of inertia but most of these effects
can be accounted for perturbatively because they introduce small changes in the
wavefunctions [95].
The quasi-SU(3) symmetry also leads to an efficient truncation scheme. In
shell-model calculations it has been shown that the single-particle levels with j =
l + 21 play a dominant role in the low-energy spectra, allowing significant reductions
in the size of the Hilbert space [60]. It was also reported [68] that, when a singleparticle plus quadrupole-quadrupole Hamiltonian is diagonalized in a SU(3) basis,
very few SU(3) irreps are needed to describe the yrast band. The ground state band
is built from the S = 0 leading irrep, which strongly mixes with the leading S = 1
irreps in the proton and neutron subspaces.
The question of how good is the quasi-SU (3) symmetry in the unique-parity
spaces is deferred to a follow-on investigation. Since (as we will see below) the role
of the unique-parity spaces for the nuclei we deal with is to introduce only some
high-order effects, it is relatively safe to accept this to be true throughout the current
work.
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Chapter 5
Towards an Extended SU (3) Shell
Model with Explicitly Included
Intruder Levels
Unlike tests for the goodness of the pseudo-SU (3) symmetry, which have been
demonstrated in a variety of ways with the only open question being the use of
a more modern realistic interaction based, for example, on an effective field theory
rather than simplified phenomenological pairing-plus-quadrupole interactions, the
problem of taking the abnormal space into active consideration remains a significant challenge for a variety of reasons. First of all, even the most logical choice
for an appropriate system for the introduction of such an extended model is not
clear. While one might be tempted to first introduce the extension in the area of
the rare-earth and actinide nuclei, where pseudo-SU(3) symmetry is good, the inclusion of higher shells which are heavily populated may lead to large mixing effects.
In order to avoid these effects, one will probably need to modify the Hamiltonian
by adding a term that can “quench” this tendency toward high mixing. One possible choice would be to key in on the total spin of the system which favors the
contribution of S = 0 basis states to the low-lying states. If this were done, one
would end up with a more complicated Hamiltonian which could further introduce
additional complications of computational character. Furthermore, higher mixing
between configurations with different distribution of particles can also be expected
for these nuclei.
On the other hand, the upper fp-shell nuclei seem to be a more amenable
candidate since the unique-parity levels in this domain lie one (and even two) shell(s)
lower for the protons (neutrons). Still, some drawbacks exist in this case as well,
because protons and neutrons lie in the same shell and this implies they strongly
interact with each other, so proton-neutron pairing terms have to be introduced
in the interaction. Moreover, good systematics on parameters for the quadrupolequadrupole, pairing and single-particle terms, which exists for light ds-shell or heavy
rare-earth nuclei are not available in the case of the upper fp-shell nuclei.
Although the extension of the model from two to four spaces may appear
to be just a technical challenge, it is the associated physics that both creates the
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biggest challenge and makes this case so interesting. One must keep in mind that
approximations are needed because of the complexity of the system. So, most of
the answers will not be “black or white” but of the “how” type. How to choose
the appropriate basis, what Hamiltonian makes most sense, etc. And accordingly,
it must be appreciated that the choices made “qualify” the results.
In this chapter, we introduce the basics of the extended SU (3) shell model for
a real (instead of just model) nuclear system as well as the structure of the code
used for the calculations performed.

5.1

Basics of the Model

In Chapter 3, we briefly mentioned the intruder and defector levels when we introduce the pseudo-spin concept. It is now time to elaborate on this picture for the
nuclei of interest, namely, the upper-fp shell nuclei. A typical shell structure for
the upper-fp or medium-mass nuclei is represented in Fig. 5.1. Both protons and
neutrons occupy the same oscillator shell. The highest j-level of the fp oscillator
shell is pushed down by the strong spin-orbit interaction and lies among the orbitals
of the next lower ds shell, and therefore is considered to be a “defector” and part
of the inert core. On the other hand, the g9/2 “intruder” from the next higher gds
shell penetrates down into the valence model space. Although it has the opposite
parity, it is important that it be included in the model space since this is the only
way that experimentally observed states of higher spin and/or opposite parity can
be obtained theoretically. Further, it adds to the collective nature of the model
space, yielding larger B(E2) values than are otherwise possible.
Following the series of arguments and motivations presented in the previous chapter, we can now introduce the basics of the extended SU(3) shell model.
Like its early precursors [3, 12], it is also a microscopic theory in the sense that
both SU(3) generators - the angular momentum (Lµ , µ = 0, ±1) and quadrupole
(Qµ ; µ = 0, ±1, ±2) operators - are given in terms of individual nucleon coordinate
and momentum variables. However, as we can see in Fig. 5.1, the model space has a
more complicated structure than the one used in earlier models based on the SU(3)
symmetry. Specifically, it consists of two parts for each particle type, a normal (N)
parity pseudo-shell (f5/2 , p3/2 , p1/2 → d˜5/2 , d˜3/2 , s̃1/2 ) and a unique (or abnormal) (U)
parity shell composed of all levels of opposite parity from the gds shell above.(Since
the normal-unique space distinction will be obvious from context, we will not place
tildes over pseudo-space labels as is normally done.)
So far, in almost all investigations of systems with strong spin-orbit interaction where the old pseudo scheme has been applied to the normal parity orbitals,
the unique-parity space was assumed to be spanned by configurations of identical
particles in only a single-j shell, namely the η + 3/2 shell [8,53]. The usual argument for neglecting couplings to the energetically higher orbitals (j < η + 3/2) of
the (η+1)-st major shell is based upon the fact that there is an energy difference
between these orbitals and the j = η + 3/2 intruder level which is of the order of
the typical major shell separation. Since in a restricted space (as e.g. in a single
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Figure 5.1: Shell structure for the upper fp-shell nuclei.
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j-shell) the short-range part of the nucleon-nucleon interaction, which causes pairing correlations, dominates, the energetically most favored state is the seniority zero
state, i.e. the one in which all nucleons (except the last one in the case of even-odd
nuclei) are paired off to angular momentum zero. In even-even nuclei there is a
distinct energy gap (“pairing gap”) between this ground state and the first excited
state since the excitation involves the decoupling of a pair of nucleons thus yielding
a seniority two configuration [96]. The pairing gap is large when compared to the
rotational excitation energies, thus considerations of the unique parity space are
usually restricted to seniority zero states. In this model, the many-particle basis
states for the valence space are given as angular momentum coupled products of
pseudo-SU(3) basis states and seniority zero (JU = 0) unique-parity configurations:
E
|ψJM i = [ Ñ , JN ⊗ |U, JU = 0i]J=JN .
(5.1)

The seniority-zero restriction is a severe truncation of the unique-parity space that
translates into a considerable simplification since angular momentum zero states
couple in trivially, affecting only the binding energy while contributing nothing
to the overall dynamics of the system. The truncation of the unique-parity levels to low-seniority configurations has been questioned in recent years. Studies in
the framework of the “universal” Woods-Saxon and single-shell asymptotic Nilsson
models [6] indicate that valence nucleons in the unique-parity intruder orbital contribute significantly to measurable quantities like B(E2) values. Some mean-field
theories even claim that the particles in the intruder level play the dominant role in
inducing deformation in heavy nuclei [7].
Compared to the models based on the existing (pseudo-)SU(3) symmetry, the
novel elements introduced by the extended SU(3) model are:
• it treats particles from the unique-parity space on equal footing with those
residing in the normal-parity spaces, i.e. it takes them into active consideration
and not through some kind of renormalization procedure;

• it allows for a mixing between configurations with different distribution of
particles between the normal- and unique-parity spaces;
• the intruder levels are included along with the rest of the levels from the next
shell;
• pn pairing (and pair-scattering) terms are introduced in the SU(3) calculations;
• these terms are included without any imposed restrictions.
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5.2

Basis States, Hamiltonian and Matrix Elements

5.2.1

Basis States

Similar to the cases of light and heavy nuclei, for upper-fp shell nuclei, which are of
medium mass, the group reduction within the framework of the extended SU(3) shell
model has the shape represented in Fig. 5.2. Because of the bigger number of spaces
involved, the diagram is more complicated than the one in Fig. 2.2. Nevertheless,
it follows a very similar logic.
The many-particle basis states in the extended SU(3) shell model,
|{aπ ; aν }ρ(λ, µ)κL, {Sπ , Sν }S; JM i ,

(5.2)

are built as SU(3) proton (π) and neutron (ν) coupled configurations with welldefined particle number and good total angular momentum. Here, the proton and
neutron quantum numbers are indicated by aσ = {aσN , aσU }ρσ (λσ , µσ ), where the
aστ = Nστ [fστ ]αστ (λστ , µστ ) are the basis-state labels for the four spaces in the model
(σ stands for π or ν, and τ stands for N or U). In the last expression, Nστ denotes the
number of particles in the corresponding space, [fστ ] - the spatial symmetry label
and (λστ , µστ ) - the SU(3) irrep label. Multiplicity indices αστ and ρσ count different
occurrences of (λστ , µστ ) in [fστ ] and in the product {(λσN , µσN ) ⊗ (λσU , µσU )} →
(λσ , µσ ), respectively. First, the particles from the normal and the unique spaces
are coupled for both protons and neutrons. Then, the resulting proton and neutron
irreps are coupled to a total final set of irreps. The total angular momentum J
results from the coupling of the total orbital angular momentum L with the total
spin S. The ρ and κ are, respectively, the multiplicity indices for the different
occurrences of (λ, µ) in {(λπ , µπ ) ⊗ (λν , µν )} and L in (λ, µ).

5.2.2

Hamiltonian

Since the pn-pairing has proven to be an important ingredient for the description of
the N ≈ Z nuclei, a more general Hamiltonian than the one used so far is needed.
One possible choice is
H =

X
σ,τ

− G(

στ
(Hsp
− GS στ † S στ ) −

X

0

S στ † S στ +

σ,τ 6=τ 0

X

χ
: Q.Q : +aJ 2 + bKJ2 + asym C2 + c3 C3
2
0

S πν,τ † S πν,τ ),

(5.3)

τ,τ 0

which includes spherical Nilsson single-particle energies
X
στ
(H0 + Cστ liστ .siστ + Dστ l2iστ ),
Hsp
=
iστ

62

(5.4)

Figure 5.2: Proton-neutron decomposition relevant to the extended SU(3) model
applications. The group symbols are represented in color and the associated irrep
labels are given on the left for the protons, and on the right for the neutrons.
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as well as the quadrupole-quadrupole and pairing interactions (within a shell and
between shells) plus two rotor-like terms that are diagonal in the SU(3) basis. In
general, the harmonic oscillator term, H0 = ~ω(ηiστ + 23 ) where ~ω ≈ A41
1/3 [22],
is essential and its contribution does not cancel out when more than one possible
distribution of particles over the shells is involved. The colons in the quadrupole
operator notation represent normal-ordered operator since all the one-body effects
have already been taken into account by the single-particle terms in the Hamiltonian.
In addition, in first approximation, the quadrupole operator in the normal-parity
spaces is related to its pseudo counterpart by QσN ≈ η̃+1
Q̃σN with η̃ equal to 2 for
η̃
both protons and neutrons and Q = QπN + QπU + QνN + QνU ≈ 1.5 Q̃πN + QπU +
1.5 Q̃νN + QνU .
The second line in Eq.(5.3) consists of pairing terms that are included for the
first time in SU(3) shell-model calculations. In particular, the first term represents
the scattering of an identical-particle pair between the normal- and unique-parity
spaces. The second one stands for the proton-neutron pairing (or simply pn-pairing)
interaction within the normal- or unique-parity space (terms with τ = τ 0 ) and for
the pn-pair scattering between the normal- and unique-parity spaces (terms with
τ 6= τ 0 ). Finally, the two rotor-like terms J 2 and KJ2 (the square of the total angular
momentum and its projection on the intrinsic body-fixed axis) are used to “fine
tune” the energy spectra, adjusting the moment of inertia of the g.s. band and the
position of the K = 2+ bandhead, respectively.
The expression for the identical-particle pairing within a shell (and the identicalparticle pair-scattering between two shells) in terms of SU(3) irreducible operators
is given in [36]:
0

S στ † S στ =

1
2

X

(λ1 , µ1 )(λ2 , µ2 )
ρ(λ, µ)

X

(−)l−l

ll0

0

p
(2l + 1)(2l0 + 1)

h(η, 0)l; (η, 0)lk(λ1 , µ1 )10ih(0, η 0 )l0 ; (0, η 0 )l0 k(µ2 , λ2 )10i
h(λ1 , µ1 )10; (µ2 , λ2 )10k(λ, µ)10iρ
h
i(λ1 ,µ1 ),S1 =0 h
i(µ2 ,λ2 ),S2 =0 ρ(λ,µ),S=0;
†
†
⊗ ã(0,η0 ) 1 ⊗ ã(0,η0 ) 1
a(η,0) 1 ⊗ a(η,0) 1
2

2

2

2

κ=1L=0

(5.5)
J=0

,
MJ =0

where σ = π or ν with η = η 0 (η 6= η 0 ) and τ = τ 0 (τ 6= τ 0 ) for the case of pairing
(pair-scattering). Here, h ; k i denotes a reduced SU(3) ⊃ SO(3) Clebsch-Gordan
coefficient and ã is a proper SU(3) tensor defined by ã(0,η)ljm = (−)η+j+m a(η,0)lj−m .
A similar relation to the one above holds if we have proton-neutron pair creation and annihilation operators instead. Then inside the brakets there will be an
operator product of the type a† ⊗ b† or a ⊗ b where a† represents creation of a proton
and b† - of a neutron. However, in order to make this relation useful, we also need
to find a way to transform to the order of coupling adopted in the extended SU(3)
calculations. It can be done by using the fact that the 9 − λµ (9j) coefficients connect composite tensors corresponding to different coupling schemes of four SU(3)
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(SU(2)) tensors. In this way, one can derive the corresponding expressions for the
pn-pairing (pair-scattering) operators:
h

a†(η,0) 1
2

X h

ML MS

⊗

b†(η,0) 1
2

i(λ1 ,µ1 )S=0

a†(η,0) 1 ⊗ b†(η,0) 1
2

2

hLML ; SMS | JMJ i

h
i(µ2 ,λ2 )S=0 ρ0 (λ,µ),S=0;
⊗ ã(0,η0 ) 1 ⊗ b̃(0,η0 ) 1
2

i(λ1 ,µ1 )S=0

2

h
⊗ ã(0,η0 ) 1 ⊗ b̃(0,η0 ) 1
2

2

J=0

=

κ=1L=0
MJ =0
i(µ2 ,λ2 )S=0 ρ0 (λ,µ),S=0

κ=1L=0ML =0,MS =0
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,
µ
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(0, η ) (µ2 , λ2 ) 1
χ 12 12 0
=
χ
(λ
,
µ
)
(λ
,
µ
)
(λ,
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ρ




π
π
ν
ν
τ


S S 0
 S
(λπ , µπ )(λν , µν ) 
1
1
ρ0
ρτ (λ, µ)
h
i(λπ ,µπ )S h
i(λν ,µν )S ρ0 (λ,µ),S=0
†
†
⊗ b(η,0) 1 ⊗ b̃(0,η0 ) 1
.
(5.6)
a(η,0) 1 ⊗ ã(0,η0 ) 1
2

2

2

2

κ=1L=0ML =0,MS =0

In the third line hLML ; SMS | JMJ i = h00; 00| 00i = 1. Further use of the properties
of 9-λµ and 9j coefficients leads to the following result:
0

S πν,τ † S πν,τ =

1
4

X

(λπ , µπ )(λν , µν )
ρ0 (λ, µ)

X

(−)l−l

0

√

2L + 1

X√
2S + 1
S

Lll0 κπ κν

h(η, 0)l; (0, η 0)l0 k(λπ , µπ )κπ Lih(η, 0)l; (0, η 0)l0 k(λν , µν )κν Li
h(λπ , µπ )κπ L; (λν , µν )κν Lk(λ, µ)10iρ0
h
i(λπ ,µπ )S h
i(λν ,µν )S ρ(λ,µ),S=0;
†
†
a(η,0) 1 ⊗ ã(0,η0 ) 1
⊗ b(η,0) 1 ⊗ b̃(0,η0 ) 1
2

2

2

2

J=0

. (5.7)

κ=1L=0 MJ =0

Likewise, η = η 0 (η 6= η 0 ) and τ = τ 0 (τ 6= τ 0 ) for pn-pairing (pn-pair scattering).
The labels (λπ , µπ ) and (λν , µν ) represent the proton and the neutron SU(3)-coupled
irreps and the symbols L and S stand for the orbital and spin angular momentum
which both must be equal in the coupled proton (and neutron) spaces. The final
result is extremely valuable because, contrary to many approximate techniques for
handling the pairing operator, this one is exact.
The rules for constructing tensor products from the fermion creation and annihilation operators, such as a† a which moves a particle from the η2 -th major oscillator
shell to the η1 -th shell are well known [97]. The possible (λ, µ) values are given by
the coupling rule
min(η1 ,η2 )

(η1 , 0) ⊗ (0, η2 ) = ⊕k=0

(η1 − k, η2 − k).

(5.8)

The total intrinsic spin S can take the values 0 or 1 with projection MS = 0 or
MS = 0, ±1, respectively.
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Similarly, the product a† a† (aa) which represents creation (or annihilation) of
a pair of particles is given by the rules
min(η1 ,η2 )

(η1 , 0) ⊗ (η2 , 0) = ⊕k=0
(0, η1 ) ⊗ (0, η2 ) =

(η1 + η2 − 2k, k),
min(η1 ,η2 )
⊕k=0
(k, η1 + η2 − 2k),

(5.9)

where again S = 0 or S = 1 with MS = 0 or MS = 0, ±1, respectively.
Another term in the Hamiltonian, whose structure becomes more complicated
when one transitions to a model with 4 spaces, is the quadrupole-quadrupole interaction. From the general expression of the quadrupole operator in a space spanned
by four different parts
Q = QπN + QπU + QνN + QνU ,

(5.10)

we can compose the form of the quadrupole-quadrupole interaction relevant to the
extended SU(3) model
Q.Q = QπN .QπN + QνN .QνN + QπN .QπU + QνN .QνU
+ 2 QπN .QπU + 2 QνN .QνU
+ 2 QπN .QνN + 2 QπN .QνU + 2 QπU .QνU + 2 QπU .QνN .

(5.11)

Let |1i = |Nστ [fστ ]αστ (λστ , µστ ), Sστ i , |2i = |{aσN , aσU }ρσ (λσ , µσ ), Sσ i, and |3i =
|{aπ ; aν }ρ(λ, µ)κL, {Sπ , Sν }Si are the basis states in each of the 4 spaces, in the
coupled proton (or neutron) spaces and in the coupled proton-neutron spaces, respectively.
Having in mind that
h1|||QπN |||1i ⊗ h1|||QπU |||1i → h2|||QπN .QπU |||2i,
h1|||QπN .QπN |||1i ⊗ h1|||1|||1i → h2|||QπN .QπN |||2i,
h2|||Qx .Qy |||2i ⊗ h2|||1|||2i → h3|||Qx .Qy |||3i,

(5.12)

where the arrow means “the result of the coupling, and the formula used to evaluate
is of the form given by Eq. (2.83)”, we can easily obtain the matrix elements for the
terms from the first and the second row of Eq. (5.11). For the last row, we perform
the following second coupling

where

h2|||Qπ |||2i ⊗ h2|||Qν |||2i → h3|||Qπν |||3i,

(5.13)

h2|||Qπ |||2i = h2|||QπN + QπU |||2i = h2|||QπN |||2i + h2|||QπU |||2i,

(5.14)

h2|||Qν |||2i = h2|||QνN + QνU |||2i = h2|||QνN |||2i + h2|||QνU |||2i.

(5.15)

This way, we can evaluate the matrix elements of all the parts in Eq. (5.11).
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5.2.3

Calculation of the Matrix Elements

To calculate the matrix elements of an operator when four spaces are involved one
can still use Eq. (2.83) but has to keep in mind that now the triple-barred matrix
elements have “internal” structure - they are also obtained from the triple-barred
matrix elements in two of the four spaces. If, in order to underscore this, instead
ρπ (λπ0 ,µπ0 )Sπ0
of π T ρπ0 (λπ0 ,µπ0 )Sπ0 we use π TαπN0 (λπN
,µπN )απU (µπU ,λπU )SπN SπU for the elements in (2.83)
then
ρ

(λ

,µ

)S

π0
π0 π0
π0
hNπ0 [fπ0 ]απ0 (λ0π , µ0π )Sπ0 |||π TαπN
(λπN ,µπN )απU (µπU ,λπU )SπN SπU |||Nπ [fπ ]απ (λπ µπ )Sπ iρπ =


0
 SπN SπN 0 SπN

0
χ SπU SπU 0 SπU


Sπ
Sπ0
Sπ0


(λπN , µπN ) (λπN 0 , µπN 0 ) (λπN , µ0πN ) ρπN 





X
(λπU , µπU ) (λπU 0 , µπU 0 ) (λ0πU , µ0πU ) ρπU
χ
(5.16)
(λπ , µπ )
(λπ0 , µπ0 )
(λ0π , µ0π )
ρ˜π 



ρπN ρπU


ρπ
ρ π0
ρπ 0

0
0
0
0
hNπN
[fπN
]απN
(λ0πN , µ0πN )SπN
|||πN T (λπN ,µπN ),SπN |||NπN [fπN ]απN (λπN , µπN )SπN iρπN
0
0
0
0
0
0
hNπU
[fπU
]απU
(λπU , µπU )SπU
|||πU T (λπU ,µπU ),SπU |||NπU [fπU ]απU (λπU , µπU )SπU iρπU ,

and the same can be done for the triple-barred matrix elements for the neutrons.
During the two-step process of calculations, namely, the first and the second coupling, most pieces in the Hamiltonian couple twice to the unit matrix. The three
exceptions are the pn-pairing, the pair-scattering and the quadrupole-quadrupole
interaction (excluding the Q.Q part within each of the four spaces). To calculate
them, expression (2.83) in its most general form has to be used. Similarly, the expressions for electromagnetic transitions (Eq. (2.86)) given in Chapter 2 need to be
generalized where the sums must go over all four (instead of just two) spaces.
While our choice throughout the current investigation is first to couple separately the irreps for each type of particles and then to couple the proton and the
neutron irreps, in priniciple, one could use a different coupling scheme, for example
one in which the particles from the normal- and unique-parity sector are first coupled and then the normal space is coupled to the unique one. The easiest way to
transform between these two approaches is by using the relations between the basis
states and the operators in these two couplings. These are given by the 9-(λ, µ)
(9j) coefficients for the SU(3) (and SU(2) part, respectively) of the coupled state
(or tensor). Knowing this relation is useful because it resolves any complications
that may come up when devising new procedures for different coupling schemes.

5.3

Method of Calculation

In the rest of this chapter, we would like to familiarize the reader with the algorithms
in use and the codes available (some of them developed specifically for the problems
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addressed in this dissertation) to perform the calculations in the framework of the
extended SU(3) shell model.
An elaborate testing and further development of a code [42] designed to perform calculations in model spaces which consist of one, two and even four parts has
been performed. Along with building the appropriate matrix elements and solving
the eigenvalue problem, it calculates B(E2) and B(M1) transition strengths as well
as other observables. Earlier versions of this code were used in one (or at most two)
space(s) [98].
A schematic representation of the basic ingredients of the code and its connections to some peripheral packages and subroutines is given in Fig. 5.3. Since
giving details would serve little purpose, the input and output files are not included;
we only give the general structure of the program, with each arrow on the figure
representing output information from one of the main codes that serves as an input
for the next one.
The code shares two auxiliary subroutines: the SU(3) coupling (Wigner and
Racah) coefficient package [32, 33] and the weighted searched tree (WST) package
[99, 100]. The former is used mainly for building tensor operators and generating
reduced matrix elements and the latter is a numerical database which allows for a
convenient storage and retrieval of data that is used multiple times and that on a
relative scale is costly to calculate.
The formatted output files are used to show intermediate results of a calculation. They further serve as formatted input files for the next main program. Also,
unformatted files produced by the SU3RME package are used for storing information
in WST arrays that can then be used in subsequent steps of the program.
Many results published for real nuclei were performed using another SU(3)
shell-model code - the one written by [101]. It had similar capabilities as the one we
use but its main drawback is that it was not a simple task to extend it for use for
more than 2 spaces. Nevertheless, that code is also useful and includes some ideas
that were incorporated in the current investigation.
In short, we made several improvements and extensions to existing codes and
added a number of important new elements to this overall program. These consist
of:
• devising a program ircoup.f which generates all the possible SU(3) coupled
irreps and selects those which are allowed according to a specific truncation
scheme of choice. The output of this code is needed in the construction of the
coupled basis states, so its output file serves as an input for the main code
hamrme2.f.
• including the pn-pairing interaction which is essential for the N ≈ Z nuclear
systems;
• introducing terms in the Hamitonian that mix configurations with different
distribution of particles among the four spaces:
(a) pp(nn) pair-scattering between the normal and unique spaces;
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Figure 5.3: Algorithm used for the calculations within the framework of the extended SU (3) shell model. There are seven main programs (su3ir.f, hamrme1.f,
hamrme2.f, hamtrx.f, trantrx.f, eigsolve.f and trme qp.f plus the SU3RME
package which can run separately or be put together (shown by the arrows).
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(b) pn pair scattering between the normal and unique spaces.
• adding the angular momentum, spin and quadrupole operators in a form,
useful for calculating the B(M 1) and B(E2) transition strengths;
• adding the rotor-like terms J 2 , C2 , C3 , KJ2 and S 2 ;
• With the view of further extension of the pseudo-SU(3) model for rare-earth
and actinide nuclei, some array dimensions in the subroutines from the SU 3
package have been increased. This is related to the fact that when higher shells
and more than two spaces are involved in the calculation, the multiplicities
can go beyond the previously established limits.
The calculation starts with the su3ir.f program [102] which generates all possible irreps in each of the four sub-spaces (for N=Z nuclei the list will be the same
for protons and neutrons in both the normal- and the unique-parity spaces). Then,
lists of irreps in the proton, neutron, and the proton-neutron coupled spaces are
selected by the ircoup.f program based upon an automated truncation criterion
and then stored in an output file for a further possible later use.
The next step is to find the matrix elements of the SU (3) elementary tensor
operators of the type (a† , a† a† , a, aa, a† aa† a† a, a† aa and a† a† aa) which are of vital
importance in the evaluation for the matrix elements of any one- (or two-) body
operator. This is done with the use of the SU3RME package [57]. Next, hamrme1.f program calculates the triple-barred matrix elements for each operator in
the Hamiltonian or used for obtaining electromagnetic transitions.
From that point forward, one performs the coupling of two spaces with hamrme2.f, first the normal and unique spaces for each type of particles are coupled
and then the proton and the neutron spaces are coupled. Before the last coupling
made, we also had to construct the matrix elements of Qπ and Qν according to
Eqs. (5.14) and (5.15), performed with the code trme qp.f . After the run, we
have the basis states, operators and the triple-barred matrix elements in the final
coupled space. In hamtrx.f (trantrx.f) code the double-barred elements for the
Hamiltonian (transition operators) are obtained from the triple-barred ones for the
operators. The rotor terms are also calculated here.
Finally, the code eigsolve.f solves the eigenvalue problem for the Hamiltonian
matrix with the option of using two different methods: Jacobi method, applicable
for smaller matrices (up to about 1000 basis states) and Lanczos method - for
larger matrices (usually, above 1000 basis states). Information about the normaland unique-parity space occupancy as well as the wave-function content can also be
obtained. The program is also designed to perform a fit of the theoretical predictions
with available experimental results. The methods which are used to do that are
either simple estimate of the χ2 statistics in a grid of points chosen in an interval
for a certain number of fit parameters or more elaborate (but in many cases to a
great extent time saving) methods, like the one of Levenberg-Marquardt which has
been implemented in the MINPACK package [103]. In the calculations presented
here, we used the first option, since it was found to fit our needs.
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Chapter 6
Results for 64Ge and 68Se in the
Extended SU(3) Shell Model
Up to this point we have justified the use of a new effective symmetry-adapted
truncation scheme (Chapter 4), introduced the basics of the extended SU(3) shell
model, and briefly described the algorithms and the computer codes that have been
developed (Chapter 5). What remains to be done is some calculations using this
new approach followed by an analysis of our outcome by comparing it with results
obtained with some realistic interactions.
In this chapter, following a motivation for the choice of the isotopes studied,
we present results for the energy spectra, B(E2) transition strengths and the wave
function content as well as observation on the dominance of different configurations
and the role that several terms play in the Hamiltonian. In addition, the size of the
model spaces used in the two approaches are compared pointing to the advantages
provided by the symmetry-adapted and severely-truncated basis. It is concluded
that the investigation, even though being performed with some key approximations,
proves that the extended-SU(3) scheme is useful for the description of many of
the upper-fp-nuclear characteristics. More elaborate choices of Hamiltonian and/or
model space(s) can lead to improvements in some of the problematic observables.
Finally, a discussion about the future of the model and its application for nuclei
from adjacent or more distant domains is included.

6.1

Role of the Upper fp-shell Nuclei
68
Se

64

Ge and

The choice of 64 Ge and 68 Se as isotopes for our detailed study of the extended
SU(3) model is motivated mainly by their interesting properties. The proton-rich
unstable nucleus 64 Ge is known to be a typical example for a nucleus showing soft
structure with respect to quadrupole and octupole deformations, according to both
experimental evidence and theoretical calculations [104]. In 68 Se shape coexistence
effects have been predicted [72, 73] and await experimental confirmation. The nature
of the first excited 0+ state is currently a hot topic for many N∼Z nuclei. Some
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Figure 6.1: (a) A typical rp-process reaction flow taken from [106] and (b) a more
detailed representation of the reactions running in the vicinity of 64 Ge. (The bridging
of the waiting-point nucleus via an isomeric state is also possible and is depicted by
the white square.)
investigations predict the one in 68 Se to be a low-lying isomeric state [105]. Both of
these nuclei are heavy enough so that the effect of the pair-scattering terms on the
single-particle occupancies is expected to be of a reasonable size. At the same time,
these upper-fp systems belong to a region where full shell-model calculations are
still feasible even though at the limit of the current computational abilities, when
the intruder g9/2 level is included in the model space.
64
Ge and 68 Se are both active participants in nucleosynthesis. Specifically, they
are key nuclei in the rapid proton capture process (rp-process) (Fig.6.1 (a)) which
runs close to the proton drip line and is characterized by proton capture reaction
rates that are orders of magnitude faster than β-decay rates [107]. The reaction
path follows a series of fast (p, γ)-reactions until further proton capture is inhibited,
either by proton decay or photodisintegration (Fig. 6.1 (b)). Then the process stalls
waiting for the relatively slow β-decay or may proceed through the rapid capture
of two protons to bypass the so-called “waiting-point” nucleus. 64 Ge and 68 Se are
such nuclei. The process continues towards heavier nuclei until it ends in the SnSb-Te region [106]. The total lifetimes of the waiting points along the reaction path
(including all destructive processes like β-decay and net proton capture) entirely
determine the speed of nucleosynthesis towards heavier nuclei and the produced
isotopic abundances, since at any given time essentially all the material is stored in
the waiting points. Knowledge of the nuclear structure along the rp-process path is
needed for its further understanding, as means for network simulations, exploring
the nuclear structure at the extreme and testing model-based predictions.
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Figure 6.2: The five different types of configurations for
extended-SU(3)-shell-model calculations.

6.2

64

Ge included in the

Choice of Basis States and Hamiltonian.

Calculations within the framework of the extended SU(3) model were performed
using irreps from 5 types of configurations - for example, [NπN , NπU ; NνN , NνU ]
= [4, 0; 4, 0], [4, 0; 2, 2], [2, 2; 4, 0], [3, 1; 3, 1] and [2, 2; 2, 2] for the 64 Ge case. (See
Fig. 6.2 and Table 6.1 where the list of configurations for 68 Se is also given.) For
each of these groups, irreps in the proton and neutron spaces with (pseudo-) spin
Sστ = 0, 1/2, 1 and 3/2 in both the normal- and the unique-parity spaces were
generated. Then, from all the possible couplings between these we chose those with
the largest value of the second order Casimir operator of SU(3) and spin S = 0, 1
and 2. Here, we present results obtained with five (seven) coupled proton-neutron
irreps with distinct values of λ and µ for each distribution of particles between the
normal and unique spaces for 64 Ge (68 Se). (This number was even pushed up to
eleven for the [6,0;6,0] configuration in 68 Se). The complete set, listed in Table
6.1, consists of 492 (580) coupled irreps in the case of 64 Ge (68 Se). This number is
bigger by a factor of about 20 than the one typically handled up to now within the
framework of the SU(3) model. Some of the coupled irreps can be constructed in
more than one way. For example, the irrep (λ, µ)S = (10, 0)0 can be obtained by
coupling the (λπ , µπ )Sπ ⊗ (λν , µν )Sν = (4, 2)0 ⊗ (4, 2)0 or (5, 0)1 ⊗ (5, 0)1 proton
and neutron irreps.
The choice of Hamiltonian for 64 Ge and 68 Se is dictated by two seemingly
contradictory principles, namely, simplicity and completeness. In particular, we
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Table 6.1: The irreps in the coupled proton-neutron model space for 64 Ge and 68 Se that were used in the extended SU(3)
shell-model calculations. The subscripts for each spin value denote the multiplicity, that is, the number of different ways the
corresponding irrep can be constructed.
[NπN , NπU ; NνN , NνU ]
64

total (λ, µ)Smultiplicity
Ge
(10, 0)02 , 11 , 21
(6, 5)01 , 12
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[4, 0; 4, 0]

(8, 4)01

(9, 2)01 , 12

[4, 0; 2, 2]
([2, 2; 4, 0])

(16, 2)02

(17, 0)12

(14, 3)06 , 16

(15, 1)012 , 115 , 24

(12, 4)018 , 118 , 24

[3, 1; 3, 1]

(16, 2)02 , 13 , 21

(17, 0)02 , 13 , 21

(14, 3)08 , 115 , 25

(15, 1)016 , 127 , 210

(12, 4)028 , 143 , 215

[2, 2; 2, 2]

(24, 0)01

(22, 1)03 , 14

(20, 2)016 , 118 , 24

(21, 0)09 , 118 , 24

(18, 3)042 , 164 , 216

68

(7, 3)06 , 18 , 22

Se

(12, 0)01
(1, 10)01 , 12
(2, 8)08 , 112 , 24

(0, 12)01
(6, 6)04 , 13 , 21

(9, 3)02 , 12
(7, 4)06 , 111 , 23

(3, 9)02 , 12
(4, 7)06 , 111 , 23

(10, 1)01 , 12
(8, 2)08 , 112 , 24

[6, 0; 4, 2]
([4, 2; 6, 0])

(18, 2)02
(17, 1)012 , 116 , 24

(19, 0), 12
(13, 6)010 , 116 , 24

(15, 5)02 , 12

(16, 3)08 , 112 , 22

(12, 8)02

[5, 1; 5, 1]

(18, 2)02 , 13 , 21
(17, 1)018 , 130 , 214

(19, 0)02 , 13 , 21
(13, 6)020 , 133 , 215

(15, 5)04 , 16 , 22

(16, 3)016 , 127 , 213

(12, 8)02 , 13 , 21

[4, 2; 4, 2]

(24, 4)01
(24, 1)019 , 131 , 213

(25, 2)01 , 12
(20, 6)016 , 118 , 26

(26, 0)02 , 11 , 21

(22, 5)03 , 14

(23, 3)014 , 120 , 26

[6, 0; 6, 0]

tried to adopt the most general interaction while keeping only the terms which are
needed to reproduce the available data. Up to now, (pseudo-)SU(3) calculations have
employed interactions with the usual (and most complete) choice for realistic nuclear
systems (as given in Chapter 3 - Eq. (3.22)) which in Chapter 5 was generalized to
Eq. (5.3), that is
H =

X
σ,τ

− G(

χ
: Q.Q : +aJ 2 + bKJ2 + asym C2 + c3 C3
2

στ
(Hsp
− GS στ † S στ ) −

X

0

S στ † S στ +

σ,τ 6=τ 0

X

0

S πν,τ † S πν,τ ).

(6.1)

τ,τ 0

In the case of 64 Ge and 68 Se we decided to include only two of the rotor terms, so
the last expression reduces to
H =

X
σ,τ

− G(

στ
(Hsp
− GS στ † S στ ) −

X

σ,τ 6=τ 0

0

S στ † S στ +

X

χ
: Q.Q : +aJ 2 + bKJ2
2
0

S πν,τ † S πν,τ ).

(6.2)

τ,τ 0

The arguments for these simplifications are the following. First, there is no experimental information about any excited 0+ states for these nuclei, so the presence
in the Hamiltonian of a term proportional to the third-order Casimir invariant C3 ,
whose primary role is to adjust their excitation energy, becomes irrelevant. Also, no
1+ states have been measured so far, which allows us to skip the term proportional
to the second-order Casimir operator C2 since there is no “anchor configuration” to
fix the asym strength. The only other consequence of ignoring it could be that the
higher-J states may appear at some higher energies.
As a result of these simplifications, we are left with only two of the four rotorlike terms. Therefore, the simpler procedure of adjusting the appropriate values
of parameters a and b can be used, namely, by choosing a grid of points within
a carefully selected interval of reasonable values for both parameters and search
P
(Eth (i)−Eexp (i))2
for the global minimum of the χ2 statistics where χ2 = N
i=1 W (i)
N −m
with Eexp (i) standing for the experimental energies and Eth (i) for their theoretical
predictions for the i-th state, respectively, N is the total number of states used in
the fitting procedure, m = 2 is the number of parameters, and the W(i) weight
factors. Since many of the spin assignments in the experimental energy spectra are
uncertain, only the experimental excitation energies for the g.s. bands and the 2+
2
bandhead are used.
The single-particle terms together with the proton, neutron and proton-neutron
pairing interactions mix the SU(3) basis states, which allows for a realistic description of the energy spectra of the nuclei. The values of the parameters used in
Hamiltonian (6.2) can be found in Table 6.2. The single-particle energies in the
Hamiltonian for the normal spaces are fixed with the numbers provided by the
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Table 6.2: Parameters (in MeV) used in the extended SU(3) model Hamiltonian.
Nucleus
64
Ge
68
Se

G
χ
a
b
0.280 0.0176 −0.002 0.020
0.263 0.0152 −0.002 0.000

upper-fp shell single-particle energies and for the strengths in the unique-parity
spaces the numbers from systematics are used [22]. The values for the parameters
G and χ in the Hamiltonian which are taken from [75] are found to be in agreement
with the ones [22, 108] used in previous calculations for some ds-shell and rare-earth
nuclei. For simplicity, we take both identical-particle and proton-neutron pairing
strengths to be equal.

6.3
6.3.1

Results
Energies and Role of the Pairing Terms

For both 64 Ge and 68 Se, proton-neutron configurations with no particles in the
unique space are found, as expected, to lie lowest and determine, by-and-large, the
structure of the low-lying eigenstates. Only a small portion of all proton-neutron
coupled irreps - 27 (112) in the case of 64 Ge (68 Se) - belong to these types of configurations, which we will refer to as the dominant ones. Since the only possible irrep in
the unique-parity spaces for this case is (λπU , µπU ) = (0, 0) (and (λνU , µνU ) = (0, 0)),
these configurations are the exact pseudo analog of the ones encountered in the dsshell nuclei 24 Mg and 28 Si which have been studied earlier [9]. Using only the principal part of the Hamiltonian (6.2), namely, the part with both rotor term strengths
equal to zero, we are able to provide a good description of the low-lying states.
Specifically, all the energies from the g.s. bands (with the exception of the 2+
1 state
in 68 Se) differ by no more than 15% from the experimental values [93]. In order
to conform with this result and prevent any further changes in the structure of the
wave function, the range of values for the parameters a and b were severely restricted
so that these terms only introduce small (“fine tuning”) changes to the overall fit.
Proton-neutron configurations with two and four particles in the unique-parity
space prevail at higher energies. The former starts to dominate from about 3.5 MeV
(5 MeV) in the case of 64 Ge (68 Se), usually for states of higher spin values, and
the latter at even higher energies. The amount of mixing found between configurations with different distribution of particles is due to the pair-scattering interactions
between the normal- and unique-parity spaces. While the expected behavior of
the unique-parity-space occupancy is observed - it goes up with the rise of both
G and/or χ strengths - with the choice of parameters from Table 6.2 the absolute
values appear to be underestimated by at least a factor of 3 in 64 Ge (see the result
shown in Fig. 4.6) and by even more for the case of 68 Se. This may indicate that
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the model space has to be further expanded to acommodate more mixing from the
pair-scattering interaction terms, that the pn-interaction indeed should enter with
different, possibly bigger strength than the identical-particle pairing, or the possible
need to include other terms in the Hamiltonian like the quadrupole and isoscalar
pairing interactions.
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Figure 6.3: Low-energy spectra of 64 Ge obtained with (from left to right) the realistic
interaction in the full pf5/2 g9/2 and pf5/2 model spaces compared with experiment
[93] and the extended-SU(3)-model results.
Results for the excitation spectra of 64 Ge are presented in Fig. 6.3. The realistic G-matrix interaction gives a reasonable result for the low-lying states consistent
with the one obtained in [72, 75]. Moreover, a description of a similar quality is
provided by the extended SU(3) model. The existence of two prolate bands, as predicted by the calculations with the realistic interactions, is also observed, that is, a
g.s. K = 0+ and an excited K = 2+ band, both dominated by the (8, 4) irrep. The
first excited 0+ (0+
2 ) state, not reported yet experimentally, is found at 2.39 MeV
which is higher than the prediction made by the realistic interactions.
Consistent with the outcome for 64 Ge, in the case of 68 Se we found a reasonable
description for the energies of the states from the g.s. band (Fig.6.4). Even the use
of a restricted space with at most 2 nucleons allowed in the intruder g9/2 level
produces result which reflects some basic characterisics of the full-space spectrum
reported in [72]. For example, the first excited 0+ state (0+
2 ) is also positioned
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Figure 6.4: Low-energy spectra of 68 Se obtained with (from left to right) the realistic
interaction in the restricted pf5/2 g9/2 (at most 2 particles allowed in the intruder g9/2
level) and full pf5/2 model spaces compared with experiment [93] and the extendedSU(3)-model results.
+
below the 2+
2 state. A new feature observed in our results is that the 03 state at
2.51 MeV was found to be dominated by the shapes with C2 = 180 (see Section
II). Within the framework of the extended SU(3) shell model, 68 Se is predicted to
be a mid-shell nucleus, a fact which may explain the existence of shape coexistence
effects. Unlike the case of 28 Si [9], now the g.s. band is dominated by the irrep
(12, 0) which corresponds to a prolate shape. This result mainly follows due to the
presence of the orbit-orbit terms in the Hamiltonian and is in agreement with some
earlier discussions [109, 110]. Specifically, it favors the scenario in which the lower
eigenstates in the g.s. band are prolate and throughout the band the shape changes
to oblate [109]. Because of the nature of the leading representation, the model can
not easily account for a K = 2+ band with the same shape characteristic, neither
can it give a simple explanation for a low-lying K = 0+ band, facts which are in
support of the realistic prediction made in Section II for a highly-mixed nature of
2
the 0+
1 as well as many other low-lying states in this nucleus. With only the J term
+
used in the Hamiltonian for adjusting the energies, the 02 state is predicted by the
model at 1.55 MeV.
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Figure 6.5: Role of the pn-pairing and the pair-scattering terms for the states in the
g.s. band of 64 Ge and 68 Se: (a) both pair-scattering and pn-pairing contributions
excluded, (b) only pair-scattering contribution excluded and (c) total interaction.
The effect of adding the proton-neutron pairing and the pair-scattering terms
in the Hamiltonian is illustrated in Fig. 6.5. For our choice of model space (Table
6.1), the results for the g.s. bands demonstrate comparable size effects from both
interactions, especially for 64 Ge, with the only clear exception being the 4+
1 and
68
6+
states
in
Se.
When
a
smaller
number
of
irreps
is
included
in
the
calculation,
1
the pn-pairing interaction has a much bigger impact, an effect mainly visible for
higher-spin states, while the role of the pair-scattering terms is strongly diminished.

6.3.2

B(E2) Transition Strengths and Wave Function Content

Electromagnetic transition strengths are normally calculated with the E2 transition
operator of the form [8, 37, 56]:
T (E2) ≈

p

+ eν

5/16πA1/3 (eπ

η˜π + 1
Q̃πN + eπ QπU
ηπ

η˜ν + 1
Q̃νN + eν QνU ).
ην

(6.3)

Instead, in this work we simply used the single dominant component in the pseudoSU(3) expansion of the quadrupole operators in the normal-parity space. The effective charges eπ and eν were taken as eπ = 1.5 and eν = 0.5 for the two versions of
the realistic interaction and the extended-SU(3) calculations. The overall agreement
between the results for both nuclei (Table 6.3 for 64 Ge and Table 6.4 for the g.s.
+
band in 68 Se) is good, although some recent experimental findings for the 2+
g.s. → 0g.s.
transition strength in 64 Ge [86] seem to be underestimated by approximately a factor
of 1.4. The correct behavior of the interband transitions is also nicely reproduced.
79

Table 6.3: B(E2) transition strengths for 64 Ge in units of e2 f m4 calculated using
the G-matrix interaction in full pf5/2 and pf5/2 g9/2 model spaces, and the extended
SU(3) model. Entries in parentheses show the result when only the normal spaces
are used in the calculations.
(J + 2)+ → J +
+
2+
g.s. → 0g.s.
+
4+
g.s. → 2g.s.
+
+
6g.s. → 4g.s.
+
8+
g.s. → 6g.s.

pf5/2 pf5/2 g9/2
257.22 253.91
332.54 342.51
340.51 356.92
303.31 320.14

Ext.
292.80
346.26
380.39
273.84

+
4+
γ → 2γ
+
6+
γ → 4γ
+
8+
γ → 6γ
+
(J + 1) → J +
+
3+
γ → 2γ
+
5+
γ → 4γ
+
+
7γ → 6 γ
Jα+ → Jβ+
+
2+
γ → 0g.s.
+
2+
γ → 2g.s.
+
+
3γ → 2g.s.
+
4+
γ → 4g.s.
+
4+
γ → 2g.s.

89.26
164.23
92.12

93.13
144.19
84.38

67.25 (65.73)
207.18 (204.78)
74.79 (79.39)

371.15
238.48
159.44

357.79
240.40
161.24

505.27 (493.39)
137.48 (135.48)
10.26 (10.17)

1.98
251.68
4.21
72.10
18.86

1.42
241.41
3.40
74.69
19.31

5.71
183.16
9.90
47.11
6.70

SU(3)
(280.10)
(334.10)
(370.56)
(268.08)

(5.74)
(178.96)
(9.93)
(46.89)
(6.75)

More significant deviations are observed for the transitions between members of the
K = 2+ band and the (J + 1)+ → J + transitions in 64 Ge. These could be attributed
+
to the fact that some of the states from this band (e.g. 4+
2 and 62 ) are found to
be highly mixed with S = 1 irreps and differ more significantly from the rest thus
displaying a less regular structure pattern throughout the band, for example, to
what has been observed in the same bands of some rare-earth nuclei. It seems that
the orbit-orbit interaction is the part of the Hamiltonian responsible for this feature.
Results when only the normal-parity spaces are included in the calculation (shown
in parentheses) reveal a contribution of the unique-parity sector of only up to 2-3%.
An increase in this number is expected for higher-lying states or heavier nuclei where
the dominant configurations are the ones with an occupied unique-parity space.
Finally, let us look at the content of the eigenfunctions for the states in the different bands. In the g.s. (K = 0+ ) band of 64 Ge, one can clearly see the dominance
of the leading and most deformed SU(3) irrep (8, 4) (Fig.6.6 (a)) which gradually de+
clines throughout the band from about 80% for J = 0+
g.s. to less than 40% for J = 81 .
Since the spin-orbit interaction is not as strong as in the case of the ds-shell nuclei,
the mixing of irreps is smaller compared to the corresponding normal-SU(3) results
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for 24 Mg and 28 Si [9]. On the other hand, as mentioned above, the K = 2+ band
follows a less regular pattern with some of the states being of highly mixed nature.
The 0+
2 state is found to be dominated (85%) by the (λ, µ), S = (9, 2), 1 irrep. In
the case of 68 Se, the leading irrep (12, 0) contributes from 75 to 85% (Fig.6.6 (b)).
A slight change in the type of Hamiltonian used may help establish the transition
from states of prolate shape dominated by the irrep (12,0) in the g.s. band to ones
where the (0,12) irrep prevails. To achieve this effect, we need to add a term proportional to the third-order Casimir invariant C3 of SU(3). It was demonstrated
earlier [9] that this term is capable of adjusting the prolate-oblate band crossing by
driving irreps with µ >> λ lower in energy than those with λ >> µ. The same
term can also be used to fix the position of the first excited 0+ state not assigned
yet experimentally but predicted by our G-matrix calculations to lie at 1.05 MeV.

6.3.3

Reduction in the Model Space

Although the extended-SU(3) calculations are performed in a model space that
involves the whole gds shell, the basis is still much smaller in size even compared with
the one used for realistic calculations in the pf5/2 g9/2 space. This drastic reduction
translates into the use of only hundreds or at most a few thousand basis states (Table
6.5). For example, the size of the basis used in the extended-SU(3) calculations for
64
Ge represents only between 0.02% to 0.3% of that for unrestricted calculations in
the pf5/2 g9/2 model space. This means that a space spanned by a set of extendedSU(3) basis states may be computationally manageable beyond the limit accessible
for the modern full-space shell-model calculations as is the case for the combination
of the upper-fp and the gds shells. While some refinements in the model certainly
could be done (like trying different and more sophisticated types of Hamiltonians,
using different strengths for identical-particle and pn-pairing interactions, etc.) and
the role of the model-space truncation may be further explored, the results presented
in this dissertation suffice to demonstrate that the SU(3) scheme in its extended
formulation can be a valuable tool for studying nuclei of the upper-fp-shell region.
Table 6.4: B(E2) transition strengths for the states in the g.s. band of 68 Se in units
of e2 f m4 calculated using the G-matrix interaction in full pf5/2 model space and
the extended SU(3) model. Entries in parentheses show the result when only the
normal spaces are used in the calculations.
(J + 2)+ → J +
+
2+
g.s. → 0g.s.
+
4g.s. → 2+
g.s.
+
6+
→
4
g.s.
g.s.

pf5/2
Ext. SU(3)
322.71 354.17 (346.37)
448.07 486.65 (477.18)
441.58 473.89 (467.09)
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Figure 6.6: Wave-function decomposition of the calculated extended SU(3) eigenstates in the g.s. band of (a) 64 Ge and (b) 68 Se. The leading irreps from the
dominant type configurations are listed explicitly while the effect of those with less
than 3% contribution for any state as well as from configurations with two and four
particles in the unique space is represented with a dashed line.

6.4

The Extended SU(3) Model - Future and Open
Questions

The benefits of the extended SU(3) model will show up even more prominently in
the more general and complicated case, namely, when the dominant configuration
is no longer the one with an empty unique-parity space and/or in situations when
two or more competing configurations are closer to one another in energy and as a
consequence experience strong mixing.
The first case is realized in some heavier upper-fp shell nuclei. For example,
the krypton isotopes, with distribution of particles between the normal- and uniqueparity spaces represented in Fig. 6.7 (b), have as dominant configurations those
with four particles in the unique-parity space. (For comparison, the distribution
of particles for 64 Ge and 68 Se in the dominant configuration is shown in Fig. 6.7
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Table 6.5: Model-space dimensions for the G-matrix calculations in the full (restricted) pf5/2 g9/2 space for 64 Ge (68 Se) as well as for the complete pf5/2 spaces and
for the extended SU(3) shell model with the irreps listed in Table 6.1. (The entry
marked with a ∗ is smaller by about a factor of two due to our taking advantage
of time-reversal symmetry, which we did not invoke in the other cases as machine
storage for them was not an issue.)

0

J
4

2

6

8

64

pf5/2 g9/2
pf5/2
Ext. SU (3)

1, 831, 531
28, 503
322

pf5/2 g9/2
pf5/2
Ext. SU (3)

1, 929, 014∗
93, 710
397

Ge
1, 728, 929 1, 454, 930 1, 090, 581 724, 318
24, 246
14, 760
6, 183
1, 638
1, 421
2, 098
2, 225
2, 208
68
Se
3, 611, 680 2, 973, 404 2, 138, 391
81, 122
52, 175
37, 086
1, 765
2, 640
3, 115

(a)). One challenge for such heavier upper-fp members is related to an expected
evolution of the values for key parameters like χ and G [108], whose origin can be
explained by the theory of effective interactions. This change does not seem to affect
signifficantly the results for 64 Ge and 68 Se since it appears as a higher-order effect
caused by the low mixing of the dominant type of configurations with the rest.
While the focus in this dissertation has been primarily directed towards the
study of the upper-fp shell nuclei, a similar extension of the pseudo-SU(3) shell
model is also possible and under development for other species. These include the
rare-earth and actinide nuclei for which even more particles occupy the uniqueparity spaces of the dominant configurations (Fig. 6.7(c)). The advantage for such
systems is that they will be described with a somewhat simplified Hamiltonian,
namely, the pn pairing and pair-scattering terms will disappear since the protons
and the neutrons occupy different shells.
On the other hand, some stronger spin-orbit mixing effects are expected since
the unique-parity spaces for the dominant configurations are occupied with particles
residing in higher shells. As a result, the basis states of spin S = 1 will tend to
enter more prominently in the low-lying states of the rare-earths and actinides. In
order to oppose this effect, one can introduce the S 2 term in the Hamiltonian where
S is the total spin. In short, there is expected to be strongly competition between
basis states of spin S = 1 to those of higher C2 values. As a result, the interplay
between the spin and quadrupole modes is expected to prove interesting and should
be studied.
Once established, the extension of the pseudo-SU(3) model for this region
could improve the predictive capabilities of the theory. First, the richer model
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Upper fp - shell nuclei
(a)
64
32

Ge 32 ,

68
34

(b)
72
36

Se 34 …

Kr 36 ,

69
35

Br34 …

ʌU

ȞU

ʌU

ȞU

ʌN

ȞN

ʌN

ȞN

Empty unique
space

Couple of particles in
the unique space

(c) Rare - earth nuclei
158
64

160

Gd 94 , 66 Dy 94 …
ʌU

ȞU
ȞN

ʌN
Many particles in
the unique space

Figure 6.7: Dominant type of configurations for different nuclei.
space provided by the new model will revise the outcome for the fragmentation and
clusterization in the B(M1) transition strengths. Secondly, the effective charge used
in the B(E2) transition strengths will be strongly diminished. And finally, the role
of the intruder levels is expected to be explored in a much less restrictive, but still
manageable environment with model spaces that are of workable sizes.
Recent high resolution (p, t) experiments have established the existence of a
large number of low-lying excited 0+ levels in the deformed 158 Gd [111], 168 Er [112]
and some actinide nuclei [113]. In addition, enhanced B(E2) transition strengths
have been reported to members of the g.s. bands [114]. This abundance of 0+ states
is difficult to be explained within collective models like the geometric collective
model or the interacting boson model [115]. The reason is that within such models,
the number of collective degrees of freedom is limited. Other attempts to achieve
theoretical descriptions have also been made [73, 116]. While all these models (in
their simple or more elaborated version) manage to produce enough low-lying 0+
states, they still lack the correct description of the enhanced B(E2) strengths.
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The extended SU(3) shell model seems to be a superb candidate to resolve
both problems since the explicit inclusion of the particles from the unique-parity
space ensures a robust number of collective degrees of freedom and the Hamiltonian
provides various means of obtaining the correct wave function structure.
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Chapter 7
Conclusions
The main goal of this dissertation was to extend the usual pseudo-SU(3) shell model
for upper-fp shell nuclei by integrating the intruder level(s) explicitly into the model
space. This was accomplished in two ways: firstly by integrating only the g9/2
level into the dynamics; and secondly by taking into account the entire gds-shell,
organized via its SU(3) structure. We dubbed the latter the extended SU(3) shell
model.
In order to develop a measured approach, we first calculated various nuclear
characteristics using a realistic interaction. Specifically, the energy spectra, B(E2)
transition strengths and the single-particle occupancy were calculated and the outcome of these calculations in different truncated model spaces were used to determine
the most important configurations, sufficient for their reasonable description. Examination of the goodness of the pseudo-SU(3) symmetry revealed that many of the
eigenstates in N=Z upper fp shell can be described at the 50 to 60 percent level by
using only the leading pseudo-SU(3) representation. Including a reasonable number
of irreps, which span a computationally manageable basis, this contribution raises
from 80 to about 90 percent. In addition, it was found that the states from the g.s.
band in some N 6= Z isotopes tend to cluster the contributions in basis states even
when they are for irreps of considerably smaller values of the second order Casimir
operator. In the final analysis, seems that only a few representations (usually 2 or
3) constitute a very good approximation.
Various existing computational tools were extensively tested and some others
developed. A newly implemented code allows the construction of an appropriate
and based on some truncation principle extended-SU(3) basis in the coupled space
originated from 4 separate subspaces. The Hamiltonian which was previously used in
the SU(3) based models was extended by adding the proton-neutron pairing terms,
an essential part of the residual interaction for N=Z nuclear systems. Also, the
option for an interaction which mixes configurations with two different distributions
of particles among the normal- and unique-parity spaces is added. Specifically,
the terms which describe the scattering of pairs of particles between the normaland unique-parity spaces were included in the Hamiltonian. Finally, procedure for
parameter optimization was developed which in further and more elaborated studies
will prove useful in determining the reasonable values of the interaction parameters.
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While the work presented here only deals with the simplest case in which one
configuration (the one with no particles in the unique-parity space) dominates all
others, it is still possible to appreciate the strength of this new approach. Specifically, the model offers a richer model space compared to the previous SU(3) schemes
by taking particles from the unique-parity space explicitly into account. As a result,
the current approach presents an opportunity for a better description of the collectivity properties of the systems considered by reducing the effective charge needed in
the description of their B(E2) transition strengths. These results will be even more
pronounced for heavier systems where the intruder space is expected to have higher
occupancy. This approach also offers an opportunity to explore the role of the intruder levels in the dynamics of the system as in the current study they are treated
on the same footing as the normal parity orbitals. It is important to underscore
that these advantages are accomplished within a highly truncated and symmetryadapted basis, which possibly allows one to reach into otherwise computationally
challenging (if not inaccessible) domains.
The findings for the nuclei 64 Ge and 68 Se reproduce results obtained with a
realistic interation. Specifically, many of the states in the energy spectra and the
B(E2) transition strengths are nicely reproduced. While the results are satisfactory
for the states from the g.s. bands, there still seem to be some need for a more
precise description of the nuclear characteristics related to the properties of the
eigenfunctions. These could be addressed in the future by including some corrections
with the use of more elaborate interactions. Nevertheless, the results certainly
suggest that the extended SU(3) model can be a valuable tool in studying properties
of nuclei of special interest from this region, such as those lying close to the proton
drip line or/and actively participating in the processes of nucleosynthesis. They
also point to an excellent opportunity to reveal the role the intruder levels play
in the dynamics of the system in an exciting and completely new way, namely,
considering their connection to their like-parity partners within the framework of a
severely-truncated symmetry-adapted model space.
An extension of the SU(3) shell model for the rare-earth and actinide nuclei
is also underway. It will be able to provide some valuable new information and
a better understanding of the fragmentation and clusterization phenomena in the
B(M1) transition strengths. Also, it will signifficantly reduce the values of the
effective charges used in estimates of the B(E2) transition strengths. In addition,
an expected new emerging structure of the states in the excited K = 0+ bands could
give an explanation for the enhanced B(E2) transition strengths to members of the
g.s. band. Finally, the new model provides a powerful means of explanation for the
abundance of low-lying K = 0+ states found experimentally.
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Appendix A
SU (3) Wigner Coefficients
Using the notation defined in [32], the Wigner SU(3) coupling coefficients
h(λ1 , µ1 )α1 ; (λ2 , µ2 )α2 | (λ3 , µ3 )α3 iρ

(A.1)

are defined as the elements of a unitary transformation between coupled and uncoupled orthonormal irreps of SU(3) in the α scheme. In the case of the SU (3) ⊃ SO(3)
reduction with α = κlm used throughout this dissertation (versus the other possibility, the SU (3) ⊃ SU (2) ⊗ U (1) reduction with α = ΛMΛ ), we have that
|ρ(λ3 , µ3 )κ3 l3 m3 i =
X
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ

κ 1 l1 m 1 κ 2 l2 m 2

|(λ1 , µ1 )κ1 l1 m1 i |(λ2 , µ2 )κ2 l2 m2 i ,

(A.2)

and the inverse transformation is given by
|(λ1 , µ1 )κ1 l1 m1 i |(λ2 , µ2 )κ2 l2 m2 i =
X
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ
ρ(λ3 ,µ3 )κ3 l3 m3

|ρ(λ3 , µ3 )κ3 l3 m3 i .

(A.3)

The orthonormality relations for the Wigner SU(3) coupling coefficients are
X

κ1 ,l1 ,m1 ,κ2 ,l2 ,m2

h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ

h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ03 , µ03 )κ3 l3 m3 iρ0 =
δλ3 λ03 δµ3 µ03 δρρ0 ,
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(A.4)

and
X

h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ

ρ(λ3 ,µ3 )κ3 ,l3 ,m3
h(λ1 , µ1 )κ01 l10 m01 ; (λ2 , µ2 )κ02 l20 m02 | (λ3 , µ3 )κ3 l3 m3 iρ

=

δκ1 κ01 δl1 l10 δm1 m01 δκ2 κ02 δl2 l20 δm2 m02 .

(A.5)

It is possible to factor out the dependence of the SU (3) ⊃ SO(3) Wigner coupling coefficients on the m subgroup labels by defining so-called double-barred or
“reduced” SU(3) Wigner coupling coefficients:
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ =
h(λ , µ )κ l ; (λ , µ2 )κ2 l2 k(λ3 , µ3 )κ3 l3 iρ hl1 m1 ; l2 m2 | l3 m3 i .
{z
}
}|
| 1 1 1 1 2 {z
reduced Wigner coefficient

(A.6)

geometric part

From the unitarity of the full SU(3) Wigner and the ordinary SU(2) Clebsch-Gordan
coefficients it follows that the double-barred coefficients are also unitary. With the
phase convention from [32] they become real, and therefore orthogonal.
Next, we list several symmetry relations for SU (3) coupling coefficients [32];
equivalent relations for reduced SU (3) coupling coefficients can easily be derived by
making use of the proper symmetry relations for Clebsch-Gordan coefficients [40].
For example, one finds that 1 ↔ 3 interchange of the quantum labels is given by:
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ =
s
dim(λ3 , µ3 )
(−1)φ+χ2
dim(λ1 , µ1 )
h(λ3 , µ3 )κ3 l3 m3 ; (µ2 , λ2 )κ2 l2 − m2 | (λ1 , µ1 )κ1 l1 m1 iρ ,

(A.7)

where the dimension of a SU(3) irrep is given by dim(λ, µ) = 12 (λ+1)(µ+1)(λ+µ+1),
φ = (λ1 + µ1 ) + (λ2 + µ2) − (λ3 + µ3 ) and χi = (λi − µi ) + li − mi .
The 1 ↔ 2 interchange is more complicated:
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 i =
X
Φρρ0 [(λ1 , µ1 ), (λ2 , µ2 ); (λ3 , µ3 )]
ρ0

h(λ2 , µ2 )κ2 l2 m2 ; (λ1 , µ1 )κ1 l1 m1 | (λ3 , µ3 )κ3 l3 m3 iρ0 ,

(A.8)

since it requires a phase matrix Φ. If the SU (3) coupling (λ1 , µ1 ) ⊗ (λ2 , µ2 ) →
(λ3 , µ3 ) is unique, i.e. when ρmax = 1, the matrix reduces to a simple phase factor:
Φ11 [(λ1 , µ1 ), (λ2 , µ2 ); (λ3 , µ3 )] = (−1)φ .
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Appendix B
Algebraic Relations for SU (3)
Wigner Coefficients:
Wigner-Eckart Theorem
A set of quantities {T } form an irreducible tensor T (λ,µ) with respect to SU (3) if
the elements of {T } transform under SU (3) in the same way as the corresponding
basis states, i.e. if the elements of {T } transform under SU (3) as
 11 (λ,µ)  X
=
h(λ, µ)γ|Cα11 |(λ, µ)βiTγ(λ,µ) ,
C α , Tβ

(B.1)

γ

where Cα11 are the generators with (λ, µ) and, α, β and γ respectively, the irrep
and intra-irrep labels of SU (3). With the SU (3) coupling coefficients introduced in
Appendix A, irreducible tensors can be coupled according to the rules for coupling
SU (3) tensors to give a new tensor:


ρ(λ ,µ )
T (λ1 ,µ1 ) ⊗ T (λ2 ,µ2 ) κ3 l33m33 =
X
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 i

(B.2)

κ 1 l1 m 1 κ 2 l2 m 2
(λ ,µ )

(λ ,µ )

Tκ1 l11 m11 Tκ2 l22 m22 .

(B.3)

The Wigner-Eckart theorem, known from angular momentum theory, allows
one to express the matrix element of a tensor operator in terms of the product of
a reduced matrix element that is only a function of the angular momenta and a
Clebsch-Gordan coefficient that contains the projection quantum numbers [16]:
(−1)l2
hl3 m3 |Tml22 |l1 m1 i = √
hl1 m1 l2 m2 |l3 m3 i hl3 kT l2 kl1 i.
2l3 + 1

(B.4)

This factorization into a geometric part and a reduced matrix element allows one to
calculate and store relatively few reduced matrix elements before running a computer
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code to evaluate the full set of matrix elements which can then be easily generated by
just multiplying these reduced matrix elements with a Clebsch-Gordan coefficient.
This procedure can be generalized for the SU (3) case where the matrix element
of a SU (3) irreducible tensor operator can be written as the product of a SU (3)
Clebsch-Gordan coefficient and a so-called double-barred reduced matrix element
[33]. For the SU (3) ⊃ SU (2) subgroup chain this generalized SU (3) Wigner-Eckart
theorem has the form
h(λ3 , µ3 )κ3 l3 m3 |T (λ2 ,µ2 )κ2 l2 m2 |(λ1 , µ1 )κ1 l1 m1 i =
hl1 m1 ; l2 m2 | l3 m3 ih(λ3 , µ3 )κ3 l3 kT (λ2 ,µ2 )κ2 l2 k(λ1 , µ1 )κ1 l1 i,

(B.5)

with h(λ3 , µ3 )κ3 l3 kT (λ2 ,µ2 )κ2 l2 k(λ1 , µ1 )κ1 l1 i being a (double-barred) SU(2)-reduced
matrix element. Analogously, it is possible to extend this scheme in defining a
SU (3)-reduced (= triple-barred) matrix element. The important difference is the
summation over the multiplicity index ρ
h(λ3 , µ3 )κ3 l3 m3 |T (λ2 ,µ2 )κ2 l2 m2 |(λ1 , µ1 )κ1 l1 m1 i
X
=
h(λ1 , µ1 )κ1 l1 m1 ; (λ2 , µ2 )κ2 l2 m2 | (λ3 , µ3 )κ3 l3 m3 iρ
ρ

h(λ3 , µ3 )|||T (λ2 ,µ2 ) |||(λ1 , µ1 )iρ
X
=
hl1 m1 ; l2 m2 | l3 m3 ih(λ1 , µ1 )κ1 l1 ; (λ2 , µ2 )κ2 l2 k(λ3 , µ3 )κ3 l3 iρ
ρ

h(λ3 , µ3 )|||T (λ2 ,µ2 ) |||(λ1 , µ1 )iρ .

(B.6)

Often, one has to consider a quantum-mechanical system which consists of two
subsystems, 1 and 2 (for example, protons and neutrons). Reduced matrix elements
for the irreducible tensor product of two operators, T (λt ,µt ) (1) and U (λu ,µu ) (2) , which
depend only on the variables of the first and second subsystem, respectively, may
be evaluated with the help of the following reduction rule:
h[(λ1 , µ1 ) ⊗ (λ2 , µ2 )]ρ(λ,µ)
||| [T (λt ,µt ) (1) ⊗ U (λu ,µu ) (2)]ρ0 (λ0 ,µ0 ) |||
0 0 0
[(λ01 , µ01 ) ⊗ (λ02 , µ02 )]ρ (λ ,µ ) iρ̃ =
 0 0
 (λ1 , µ1 ) (λt , µt ) (λ1 , µ1 ) ρ1
 0 0
X 
(λ2 , µ2 ) (λu , µu ) (λ2 , µ2 ) ρ2
χ
 (λ0 , µ0 ) (λ0 , µ0 ) (λ0 , µ0 ) ρ̃

ρ1 ρ2

ρ0
ρ0
ρ









h(λ1 , µ1 )|||T (λt ,µt ) (1)|||(λ01 , µ01 )iρ1 h(λ2 , µ2 )|||U (λu ,µu ) (2)|||(λ02 , µ02 )iρ2 . (B.7)
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Appendix C
On the Evaluation of Operators
with SU (3) Character
The evaluation of many-body operators with SU (3) tensor character can be simplified with the use of the SU (3) Wigner-Eckart theorem. It is known that a one-body
(λ ,µ0 ),S0
tensor operator Fκ0 L0 0 M
of rank (λ0 , µ0 ) and spin S0 can be expressed in second
L0 ,MS0
quantization formalism as [37]:
(λ ,µ ),S0
,MS0
0

0
Fκ0 L0 0 M
L

=

X
{−}

1
1
(λ ,µ0 ),S0
h(η, 0)l0 m0 ; m0s kfκ0 L0 0 M
k(η, 0)lm; ms i
L0 ,MS0
2
2

a†(η,0)l0 m0 ; 1 m0 a(η,0)lm; 1 ms ,
2

s

(C.1)

2

where {−} stands for {ll0 mm0 ms m0s }. In general, the SU (3) irreps of the initial and
final single-particle state could be different, corresponding to an “excitation” operator that shifts a particle from shell η to shell η 0 . In this work, however, the so-called
symplectic extension of the SU (3) model which describes such shell mixing effects
[117] are not used and only operators that act within a single shell are considered.
By applying the Wigner-Eckart theorem and the symmetry properties of the
SU (3) and SU (2) coupling coefficients, the above expression for a second quantized
operator can be rewritten in terms of a triple-barred reduced matrix element:
1
1
(λ ,µ0 ),S0
(λ0 ,µ0 ),S0
=
h(η,
0);
|||(η,
0);
Fκ0 L0 0 M
|||f
i
,M
L0
S0
2
2
 12 X X

1
2dim(η, 0)
(−1)η+l−m+ 2 −ms
{
(2S0 + 1)dim(λ0 , µ0 )
ll0 mm0 ms m0s


1 0 1
ms , − ms |S0 MS0 hl0 m0 , l − m|L0 ML0 i
2
2
h(η, 0)l0 ; (0, η)lk(λ0 , µ0 )κ0 L0 ia†(η,0)l0 m0 ; 1 m0 a(η,0)lm; 1 ms }.
2

s

2

(C.2)

The expression for an operator in second quantized form can be simplified if we use
the fact that the creation operator for a spin 21 particle in shell η is a proper SU (3)
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tensor of rank (η, 0),
†(η,0), 1
alml ,ms2


1
|0i = (η, 0)lml , ms ,
2

(C.3)
1

and determine that the corresponding annihilation tensor ã(0,η), 2 is related to the
annihilation operator by
(0,η), 1

1

(η,0), 1

2
.
alml ,m2s = (−)η+l+ml + 2 +ms ãl−ml ;−m
s

(C.4)

By coupling the single-particle creation and annihilation operators to a tensor of
rank (λ0 , µ0 ) and spin S0 , we have
1

1

(λ ,µ ),S

0
[a†(η,0); 2 ⊗ ã(0,η); 2 ]κ00l0 M0 L ,M
=
S0
0
X
h(η, 0)l0 ; (0, η)lk(λ0 , µ0 )κ0 L0 i

ll0

X

mm0 ms m0s



1 0 1
m , ms |S0 MS0
2 s 2



hl0 m0 , lm|L0 ML0 i

a†(η,0)l0 m0 ; 1 m0 a(0,η)lm; 1 ms .
2

s

(C.5)

2

As a result, Eq. (C.1) can be simplified to
 12

2dim(η, 0)
(λ0 ,µ0 ),S0 ;J
F κ0 L 0
M =
(2S0 + 1)dim(λ0 , µ0 )
1
1
h(η, 0); |||f (λ0 ,µ0 );S0 |||(η, 0); i
2
2
(0,η); 12 (λ0 ,µ0 ),S0 ;J
†(η,0); 12
⊗ ã
]κ 0 L 0
[a
M,

(C.6)

where the tensors have been coupled to conserved angular momentum J, namely,
X
(λ ,µ ),S ;J
(λ ,µ0 ),S0
Fκ0 L0 0 0 0M =
,
(C.7)
hL0 ML0 , S0 MS0 |JM i Fκ0 L0 0 M
L ,MS
0

0

M L0 M S 0

and
1

1

(λ ,µ ),S ;J

[a†(η,0); 2 ⊗ ã(0,η); 2 ]κ00L0 0 0M =
X
1
1 (λ ,µ ),S
0
0
.
hl0 mL0 , S0 mS0 |JM i [a†(η,0); 2 ⊗ ã(0,η); 2 ]κ00L0 m
L ,mS
0

0

(C.8)

m L0 m S 0

A two-body tensor operator G (λ0 ,µ0 ),S0 in second quantized form can be written as
1X
G (λ0 ,µ0 ),S0 = −
h(λ1 , µ1 ); s1 |||g (λ0 ,µ0 );S0 |||(λ2 , µ2 ); s2 iρ0
2
{−}
s
X
dim(λ1 , µ1 )(2s1 + 1)
φρρ00 ((λ0 , µ0 )(λ2 , µ2 ); (λ1 , µ1 ))
(−1)ϕ
dim(λ0 , µ0 )(2S0 + 1)
0
ρ0

(λ1 ,µ1 );S1 
(λ2 ,µ2 );S2 (λ0 ,µ0 )ρ00 ,S0
(0,η); 12
†(η,0); 12
†(η,0); 12
(0,η); 12
.(C.9)
⊗ ã
a
⊗a
⊗ ã
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Appendix D
Pseudo-SU (3) Expansion of
One-Body Tensor Operators
If a one-body SU (3) tensor operator has to be evaluated in a pseudo-SU (3) basis,
it is necessary to rewrite it using pseudo quantum numbers. For this relabeling,
it is convenient to express the operator in a J coupled scheme since this quantum
number is invariant under the transformation from the real to the pseudo space:
J0
FM
=
0

X X

1
1
h(η, 0)l; , jmj |g J0 |(η, 0)l0 ; , j 0 mj 0 i
2
2
0

ll0 jj 0 mj mj

†(η,0)l; 1 ,j (0,η)l0 ; 1 ,j 0

a mj 2 a mj 0 2
XX
1
1
=
h(η, 0)l; , jkg J0 k(η, 0)l0 ; , j 0 i
2
2
ll0 jj 0
r
J

2j + 1 †(η,0)l; 1 ,j (0,η)l0 ; 1 ,j 0 0
η
2 a
2
}.
{(−1)
a
2J0 + 1
M0

(D.1)

Discarding the terms with j + η + 21 , the tensor product of creation and annihilation
operator can be relabeled using pseudo SU (3) quantum numbers,
j0

†(η,0)l; 12 ,j
(0,η)l0 ; 21 ,j 0
(−1) a
⊗ ã
η

η̃



= (−1) a

mj 0

†(η̃,0)l̃; 21 ,j

⊗ ã

(0,η̃)l˜0 ; 21 ,j 0

 J0

,

(D.2)

M0

and recoupled into unit tensors


a

†(η̃,0)l̃; 12 ,j

⊗ ã

(0,η̃)l˜0 ; 21 ,j 0

 J0

=

M0



1
L˜0 ,S˜0 ;j0
j 
 ˜l
2
(0,η̃)l0 ; 21 ,j 0
†(η̃,0)l; 12 ,j
1
0
0
˜
⊗ ã
χ l
a
j
 ˜ ˜2

mj 0
˜
˜
L 0 S0 j 0
L 0 S0
X
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(D.3)



1
j
 ˜l
2
=
χ l˜0 12 j 0 h(η̃, 0)˜l; (0, η̃)l˜0 k(λ˜0 , µ˜0 )κ˜0 L˜0 i


L̃0 S˜0 J0
(λ˜0 ,µ˜0 )κ˜0 L˜0 S˜0

(λ˜0 ,µ˜0 ),S˜0 ;J0
†(η̃,0); 21
(0,η̃); 21
a
⊗ ã
.
X

X

κ˜0 L˜0

(D.4)

M0

Substituting this result into Eq. (D.1), the matrix element for one-body operator
becomes
(λ˜0 ,µ˜0 ),S˜0 ;J0

X X
1
0; 1
J0
(0,η̃)l
J0
†(η̃,0)l;
2 ⊗ ã
2
, (D.5)
FM0 =
C (η̃, λ˜0 , µ˜0 , κ˜0 , L˜0 , S˜0 ) a
κ˜0 L˜0

(λ˜0 ,µ˜0 )κ0 L˜0 S˜0

M0

where a coefficient C J0 has been introduced,
C J0 (η̃; λ˜0 , µ˜0 , κ˜0 , L˜0 , S˜0 ) =

XX
ll0

jj 0

1
1
h(η, 0)l; , jkg J0 k(η, 0)l0 ; , j 0 i
2
2



1
˜l
r
j


2
2j + 1
χ l˜0 12 j 0 h(η̃, 0)˜l; (0, η̃)l˜0 k(λ˜0 , µ˜0 )κ˜0 L̃0 i
(−1)η̃

2J0 + 1  ˜ ˜
L 0 S 0 J0
XX
1
1
h(η, 0)l; , jkg J0 k(η, 0)l0 ; , j 0 i
=
2
2
0
0
ll

jj

B (j, j 0 , ˜l, l˜0 ; η̃; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ).
J

(D.6)

The expression B J0 (j, j 0 , ˜l, l˜0 ; η̃; λ˜0 , µ˜0 , κ˜0 , L̃0 , S˜0 ) depends only on the tensorial rank,
J0 , of the one-body operator.
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